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Transport properties of active particles moving
on adjustable networks

William G. C. Oropesa, *ab Pablo de Castro, abc Hartmut Löwen d and
Danilo B. Liarte *abe

Active adaptive matter has attracted considerable interest due to its rich, largely unexplained dynamics

and its relevance to a wide range of synthetic and biological materials. An important subclass of such

systems consists of active particles that can remodel the network in which they move. Here, we

introduce a minimal yet versatile model of active particles moving on an adjustable network. In this

model, particles undergo discrete run-and-tumble motion along the links of a triangular lattice and

leave behind a trail of temporarily blocked links. These closed links cannot be traversed by other

particles and reopen only after a characteristic healing time. The resulting trail-mediated blocking

mechanism is fundamentally distinct from more familiar interactions such as excluded-volume effects. In

the high-persistence limit, we find a qualitative contrast between the two mechanisms: while steric

blocking leads to reduced diffusivity with increasing persistence, trail-induced blocking causes diffusivity

to increase monotonically. We characterize this fundamental difference and the unexpected transport

properties that arise when both blocking mechanisms are present, and discuss potential applications.

1 Introduction

In recent years, a wide range of striking phenomena have been
reported in connection with the unusual transport properties of
active matter.1–9 Many of these effects can be traced back to
what is arguably the most ubiquitous feature of active matter
systems: persistent motion. As a consequence of persistence, a
single active particle undergoing stochastic motion remains in
a super-diffusive regime for times up to the persistence time,
defined as the average time over which the particle maintains
its direction of motion.10,11 In interacting systems, persistence
gives rise to even more remarkable behavior. Notably, it can
drive spontaneous agglomeration or clustering even in systems
with purely repulsive interactions.12–15 In its most prominent
manifestation, this mechanism leads to the well-known phe-
nomenon of motility-induced phase separation (MIPS).16–21

Persistence also plays a crucial role in determining long-time
transport properties. For instance, the diffusion coefficient
of an active particle moving in a porous medium exhibits a

nonmonotonic dependence on the persistence time: in the
large-persistence limit, diffusion is suppressed due to persis-
tence-induced accumulation at confining boundaries.22,23 Simi-
larly, in systems of mutually repulsive active particles, the
collective diffusion coefficient also displays a nonmonotonic
dependence on persistence, primarily as a result of cluster-
ing.24–26 Here we consider a more general setting in which
particle motion actively induces topological changes in the
embedding medium—in our case a discrete network. We show
that this coupling leads to a novel mechanism of diffusion
suppression that is fundamentally distinct from the interaction-
driven slowing down associated with agglomeration.27–31

Network topology adjustment has emerged as a key mecha-
nism underlying a wide range of phenomena in both
synthetic32 and biological materials. In vertex models of con-
fluent cell tissues, changes in network topology provide the
essential mechanism that enables cell rearrangements and
mobility in the fluid-like regime.33,34 More generally, systematic
bond removal in elastic networks—known as the tuning-by-
pruning protocol—has been shown to regulate and optimize
the mechanical response of diverse material systems.35–37 This
framework was subsequently extended to achieve localized,
long-range, and controllable responses in elastic and flow
networks.38,39 In this mechanical analogue of allosteric regula-
tion, a localized strain (or pressure drop) applied at position r
induces a prescribed, spatially separated response at position r0.
More recently, networks with adaptable degrees of freedom
have been equipped with local learning rules that enable them
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to modify their internal structure and optimize performance in
response to sequences of external stimuli.40–43 This line of work
has employed the paradigm of physical learning,44 which has
generated significant interest as a framework for understand-
ing complex adaptive systems and for designing intelligent
mechanical metamaterials.

Recently, there has been growing interest in the study of
active particles moving within adaptable and dynamic media.
For example, Jin et al. investigated the dynamics of self-
propelled droplet swimmers that exhibit both chemotaxis and
negative autochemotaxis.32 As these particles move, they
deposit chemical trails that can either attract or repel other
particles. These trails have a finite lifetime due to dispersion.
Using microfluidic devices with bifurcating channels, the
authors demonstrated anti-correlations in the branch choices
of successive swimmers and showed how chemotactic responses
can guide swimmers through a maze. Another example of the
important interplay between active motion and the surround-
ing medium is provided by the migration of certain unicellular
organisms, such as the slime mold Physarum polycephalum,
on different substrates. Tröger et al. showed that, regardless of
the presence or absence of food, these organisms achieve
superdiffusive migration by performing self-avoiding run-and-
tumble dynamics with trail memory.45 Another interesting
example of the important role played by memory effects on
transport properties of active systems is a recent framework
connecting self-diffusion in interacting active matter to colli-
sional forces and their temporal correlations. Akintunde and
Mallory show that in active fluids of repulsive active Brownian
particles, transport is controlled by both instantaneous colli-
sional hindrance and memory effects arising from persistent
force correlations, with the latter providing a strictly dissipative
correction to diffusion.46 Finally, a further system of interest
involves fibroblasts and other cell types migrating through
complex elastic gels,47,48 such as the connective tissue of
cartilage.49,50 As part of their role in tissue repair, fibroblasts
are responsible for the production and maintenance of the
extracellular matrix.

Here we introduce a minimal yet versatile model that
explicitly couples active particle dynamics to the adaptive
evolution of network topology. Specifically, we consider a
system of active particles at packing fraction f moving along
the bonds of a regular triangular lattice.† Various phenomena
in active matter have been described using a fixed underlying
lattice,31,51–56 but in our model the lattice topology changes
dynamically. Particle motion follows a discrete run-and-tumble
dynamics characterized by a persistence time tp. Crucially,
particle trajectories actively modify the underlying network:
when a particle traverses a bond b connecting two sites, that
bond temporarily closes and becomes inaccessible to all parti-
cles, including the particle that created the closure. Each closed
bond reopens after a characteristic healing time th. Hence the
particle motion occurs on an adjustable network. In addition to
this trail-mediated interaction, particles experience excluded-
volume constraints, such that no two particles may occupy
the same lattice site. We demonstrate that these two blocking
mechanisms—self-generated bond closures and mutual excluded-
volume interactions—give rise to qualitatively distinct transport
regimes. At long persistence times, excluded-volume interactions
combined with directional persistence promote particle agglom-
eration, leading to a suppression of effective diffusion as persis-
tence increases. By contrast, transport hindered by closed bonds
exhibits the opposite trend: increasing persistence systematically
enhances diffusion. The competition between these two funda-
mentally different blocking mechanisms underlies the nontrivial
and counterintuitive dependence of transport properties on sys-
tem parameters. In particular, we find that the optimal persis-
tence time that maximizes diffusion (as a function of tp) decreases
with increasing packing fraction, yet increases with the bond
healing time. These results highlight how feedback between active
motion and adjustable connectivity can qualitatively reshape
transport in active systems.

Fig. 1 Illustration of our network model. Run-and-tumble active particles are added to the nodes of a regular triangular lattice with nearest-neighbor
connections. Blocked and moving particles are represented by red and blue disks, respectively. The arrows indicate the direction of self-propulsion. Teal
and light red lines represent open and closed bonds, respectively. A particle d in (b) changes its configuration to d0 in (c) by tumbling, i.e. changing its self-
propulsion direction at a rate ap = 1/tp. An open bond b in (a) traversed by a particle has its configuration changed to a closed bond b0 in (b). The closed
bond b0 in (b) can then spontaneously ‘‘heal’’ to an open bond state b00 in (c) at healing rate ah = 1/th. A particle will be blocked either if it tries to move to
an occupied site [see particle a in (a)] or if it tries to move through a closed bond [see particle c in (b)].

† We have checked that alternative lattice geometries, including square and
honeycomb lattices, yield the same trends for how transport properties change
with our parameters.
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The remainder of the paper is organized as follows. Sections
2 and 3 describe the model and the numerical simulation
methods, respectively. Section 4 presents the results for both
fixed network topologies (Section 4.1) and adjustable network
topologies (Section 4.2). Concluding remarks are provided in
Section 5. Finally, Appendix 7 brings an argument for the
observed power law for the diffusivity in the long-persistence
limit and Appendix 8 examines a variant of the model without
excluded-volume interactions, in which multiple particles may
occupy the same site.

2 Network model

We consider a regular triangular lattice with N sites connected
by nearest-neighbor bonds between pairs (dark green lines in
Fig. 1a). Each lattice site i A {0,. . .,N � 1} has nearest neighbors
located a lattice spacing away along z possible directions, which
we label c A {0,. . .,z � 1} (z = 6 for the triangular lattice). For
future reference, we introduce a lattice index neighbor function
j(i,c) A {0,. . .,N� 1}, which indexes the nearest neighbor of i in
the direction c. In our model, each bond connecting nearest-
neighbor sites can be either open or closed. This is described by
a lattice degree of freedom kic A {0,1}, which takes value 0 or
1 for closed and open bonds, respectively. Notice that this
variable is redundant: for each site i and direction c, there is
a neighboring site j = j(i,c) so that ki�‘ ¼ ki‘, where �‘ ¼
‘þ z=2b cð Þmod z is the opposite direction to c and I�m is the

floor function.
Now we populate this lattice with a set of Np (rN) active

particles, so that each lattice site can be either empty or
occupied by at most one particle. The state of site i is thus
described by the occupation variable si A {0,1}, where 0 and 1
denote empty and occupied sites, respectively. Alternatively, a
configuration of active particles is described by two variables:
(i) the coordinate xa A {0,. . .,N � 1} giving the lattice site index
for particle a A {0,. . .,Np � 1} (henceforth we use Greek and
Latin indexes for particle and lattice indexes, respectively); (ii)
the direction of self-propulsion na A {0,. . .,z � 1} of particle a
(represented by arrows in Fig. 1). A general configuration for
the system is completely determined by the variables kic, xa and
na, with i A {1,. . .,N � 1}, cA {0,. . .,z � 1} and aA {0,. . .,Np � 1}.
In this paper we consider periodic boundary conditions (PBCs).

The particles undergo a run-and-tumble dynamics, i.e.,
unless a particle a is blocked, it will move along its internal
self-propulsion direction (or director) na. In turn, this direction
can change at each time step Dt with probability apDt, where ap

is the tumbling rate. The tumbling rate determines a charac-
teristic time scale, the persistence time tp = 1/ap, giving the
average time between consecutive tumbles. Note that for tp =
Dt, we recover the passive limit, where particles follow a
traditional dynamics in which the director virtually changes
at every time step. Conversely, for tp - N we recover determi-
nistic ballistic motion along a fixed direction with no tumbles.
The tumble process is schematically represented for a particle
undergoing the change d - d0 in Fig. 1b and c.

Whenever a particle traverses a bond kin, it becomes closed,
i.e. kin - 0 (see bonds b and b0 in Fig. 1a and b). Once closed,
the bond can spontaneously ‘‘heal’’ and return to the open state
(kin = 1) at each time step with probability ahDt, where ah is
the healing rate (see bonds b0 and b00 in Fig. 1b and c). The
healing rate determines another important characteristic time
scale, the healing time th = 1/ah, which represents the average
time for a closed bond to regenerate. The limit th = Dt
represents the case where bonds heal at every time step with
certainty, effectively making the system behave as if all bonds
were always open. Finally, a particle a with director na at site xa
will be blocked (i.e. not move) either if the intended neighbor-
ing site is occupied [sj(xa,na) = 1; see particle a in Fig. 1a] or if
the intended crossing bond is closed [kxa,na

= 0; see particle c in
Fig. 1b].

The dynamic behavior of our system is controlled by three
parameters: The persistence time tp, the healing time th and
the packing fraction of active particles f = Np/N. Without loss of
generality, we consider the self-propulsion speed of the parti-
cles u = a/Dt to be constant, where a is the lattice spacing.

3 Numerical simulations

In this section, we present details of our large-scale Monte
Carlo simulations on modern GPUs. We consider triangular
lattices of size N = L � L, and PBCs. In all simulations the lattice
size is kept fixed, independently of the packing fraction f. The
number of particles is therefore given by Np = IfNm, ensuring
that Np is an integer. All simulations were implemented in
CUDA,57,58 enabling efficient parallel updates of particle
motion and bond dynamics. Here, particle and lattice topology
are simultaneously updated on the GPU, which allows us to
simulate large lattices over long timescales with minimal
computational overhead.

In all simulations, the initial network configuration is a
complete triangular lattice, i.e. all bonds are open—kic(0) = 1
for all i,c. We then assign random values for the position and
the director of each active particle a, which we draw from
uniform distributions over the discrete sets of lattice sites
and orientations, respectively. We have verified that, for all
regimes investigated, different realizations of the random
initial conditions converge to the same long-time behavior. In
particular, the system consistently reaches a diffusive regime
displaying the same qualitative and quantitative characteris-
tics, with no dependence on the initial configuration beyond
the expected statistical fluctuations. At each Monte Carlo step
(MCS), the dynamics follows a two-stage protocol:

1. Particle motion. We update the state of each particle a
with director na at site i in two steps. (a) The director changes
with probability Dt/tp to a new direction uniformly distributed
among the discrete z lattice directions. (b) The particle attempts
to move to its neighboring site j = j(i,na) along the direction of
its current director. The move is accepted if the target site is
empty (sj = 0) and the bond connecting the two sites is open
(kina

= 1). If the move is successful, we exchange the occupancy
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variables si and sj, and update the coordinate xa, as well as the
bond variable kina

= 0, indicating that that bond is now closed.
2. Bond ‘‘healing’’. After all particle updates, each closed

bond is allowed to ‘heal’. A closed bond will be open again with
probability Dt/th. If the healing is successful, we update the
bond variable ki‘ ¼ ki�‘ ¼ 1 for j = j(i,c).

For each triplet of parameters (f,tp,th), we first evolve the
system for a total of Nther = 105 MCS. The onset of the steady-
state regime is determined from the time evolution of the mean
squared displacement (MSD), which displays a clear diffusive
scaling, MSD(t) B t, for t \ 104 MCS. All observables are
subsequently measured within the time window 104 r t r
105 MCS, where the dynamics is stationary. We employ inde-
pendent realizations initialized with distinct random-number
seeds to compute ensemble averages and estimate statistical
uncertainties. The number of realizations depends on the
packing fraction. For f o 0.128, we use 10 independent
realizations, whereas for f Z 0.128, we use 5 realizations.
We have verified that these numbers of realizations are suffi-
cient and lead to statistically stable averages; see Appendix A for
details above convergence.

We have used triangular lattices of linear size L = 1024, and
the particle packing fraction was varied in the range, 0.016 r
f r 0.256, which is well below the triangular-lattice site-
percolation threshold fc = 1/2.59 The number of particles used
varies between Np E 1.7 � 104 and Np E 3 � 105 as f is varied
for fixed L. We also fixed the units for all simulations: the time
step was set to Dt = 1 and the lattice constant to a = 1.
Henceforth, unless stated otherwise, all times (including th

and tp) are expressed in units of Dt, and all distances
are expressed in units of a. The diffusion coefficient is then
expressed in units of a2/Dt.

To mitigate finite-size artifacts associated with periodic
boundaries, we have limited the persistence time tp so that
particles do not travel distances comparable to the system
linear size without reorienting. Without this constraint, parti-
cles could traverse the entire domain, wrap around the periodic
box, and artificially interact with their own periodic images
(particularly if th is large), thereby generating spurious dyna-
mical correlations. Hence, we have varied the persistence time
logarithmically within the interval tp A [1,1000]. In turn, we
have varied the healing time (which does not introduce further
comparable finite-size artifacts) logarithmically within the
interval th A [1,320].

For clarity, a summary of the parameter ranges explored in
the simulations is provided in Table 1 at the end of this section.

4 Results
4.1 Fixed network topology (sh = 1)

We first consider the case in which the network topology is
fixed, with all bonds open throughout the simulation. This case
can be more conveniently implemented by setting th = 1, so that
closed bonds are healed (re-opened) after each time step. The
results of this section will provide a check, as there is a vast
literature describing the dynamical behavior of run-and-tumble
particles in two dimensions, both in the continuum24 and on
discrete lattices.26 At fixed packing fraction, the effective diffu-
sion coefficient is expected to linearly increase with tp at low
persistence time (Deff p tp), reach a maximum (usually asso-
ciated with the onset of clustering in the system), and finally
decrease with tp as Deff p tp

�1 at high persistence time. (The
low-tp result Deff p tp can be surmised from the mean-squared
displacement of a single active particle9; in Appendix B, we
present theoretical arguments for Deff p tp

�1 at high-tp.) As we
shall discuss in the next paragraph, our results corroborate this
picture. Also, we introduce additional measurements that shed
light into the relation between clustering and optimal diffusion
in these systems.

Fig. 2a shows the effective diffusion coefficient Deff as a
function of persistence time tp, for different packing fractions f.
Error bars are smaller than the marker size in all plots shown in

Table 1 Summary of the parameter ranges explored in the simulations

Parameter Notation Range

Lattice size L 1024
Packing fraction f 0.016 r f r 0.256
Persistence time tp 1 r tp r 103

Healing time th 1 r th r 320
Time step Dt 1
Lattice constant a 1

Fig. 2 (a) Effective diffusion coefficient as a function of persistence time
for different packing fractions. (b) Fraction of particles in the ‘‘deep
interior’’ of a cluster (particles surrounded by z other particles), with
respect to the total number of particles with at least one neighbor. The
dashed vertical line indicates t�p � 32, corresponding to the maximum
diffusion for the system with packing fraction f = 0.064 (magenta curve),
as well as the onset of a finite population of particles in the interior of a
cluster.
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this paper. As anticipated, at fixed f, Deff linearly increases with tp

at low tp, reaches a maximum at some optimal persistence time
t�p, and then decreases as tp

�1 at high tp. This global behavior is

well reproduced for a wide range of values of f. As expected, an
increase in f leads to an overall decrease of Deff, due to the
repulsive interactions between particles. Besides, an increase in f
leads to a decrease of the optimal persistence time t�p—higher

packing fraction facilitates agglomeration, which is ultimately
responsible for the decrease of Deff at high tp.

We now seek to quantify agglomeration and clarify its
connection to optimal persistence. Doing so will prove relevant
even in the absence of true MIPS, which is usually the case for
excluded-volume models without translational noise.60,61 In
fact, for lattice models of persistent particles that interact via
excluded volume, there is a simple crossover from weak to
strong agglomeration as persistence increases, without signa-
tures of a sharp transition.55 For reasons that shall become
clear, we calculate the fraction of particles located in the ‘‘deep
interior’’ of a cluster, with respect to the total number of
particles with at least one neighbor. This is defined as

Zint ¼

P
a
dNa;z

P
a
YðNaÞ

; Na ¼
Xz�1
‘¼0

sj xa;‘ð Þ: (1)

Here Na is the number of occupied nearest-neighbors of
particle a,di,j is the Kronecker delta, and Y is the Heaviside
function. For our triangular lattice model, Zint is just the
number of particles with six neighbors divided by the number
particles with at least one neighbor. For the densities consid-
ered in this work, the denominator in eqn (1) is always nonzero,
so Zint is computed over all Monte Carlo frames without
ambiguity. Our definition of Zint is motivated as follows. We
observed that, to enter the regime where diffusion decreases
with persistence due to clustering, it is not sufficient that more
particles get blocked as persistence is increased. Temporarily
blocked particles can remain significantly mobile on average
when residing in small clusters, as particles near cluster inter-
faces escape more frequently. Diffusion begins to decrease with
persistence only when clusters are large enough to contain
many particles in their deep interior.

This is exactly what we verify by plotting Zint. Fig. 2b shows
that t�p correlates very well with the value of tp marking the

onset of appreciable Zint. For instance, see the black dashed line
connecting Fig. 2a and b: The optimal persistence time marks
both the maximum of Deff and (approximately) the onset of Zint

for f = 0.064 (magenta triangles in the figure). Although the
crossover to finite Zint is not sharp, this result provides evidence
for agglomeration as the mechanism responsible for the non-
monotonic diffusion in these systems.

To illustrate the clustering mechanism responsible for opti-
mal persistence and the subsequent decrease of diffusion at
larger tp, Fig. 3a and b show snapshots of particle configura-

tions in the lattice for f = 0.064, and tp ¼ tð1Þp ¼ 10o t�p (a), and

tp ¼ tð2Þp ¼ 1004 t�p (b). These snapshots show clearly that

although there are small clusters already present in (a)

tp o t�p, only in (b) tp 4 t�p
� �

one can see the formation of large

clustered structures with an appreciable fraction of particles in
the deep interior of a cluster. That said, we highlight once again
that there is no sharp clustering transition here, only an
optimum in diffusivity due to increased agglomeration.

We end this section with a brief discussion about the
apparent invariant scaling behavior depicted in Fig. 2a. Notice
that all curves seem to have the same shape in a log–log scale,
which suggests that Deff follows a simple scaling form,

Deff = f�lF(tpf
l), (2)

where l is a scaling exponent, and F is a scaling function. The
fact that the scaling exponents for Deff and tp are the same is a
consequence of the linear behavior in the low-tp regime. In fact,
at low tp, eqn (2) implies that F(x) B x at low x, so that Deff B tp

independent of f. In turn, at high tp we must have F(x) B x�1,
so that we can derive a simple estimate for t�p from the condition
that the two regimes meet at t�p:

C�f�lt�pf
l ¼ Cþf�l t�pf

l
� ��1

! t�p � f�l; (3)

where C� and C+ are the amplitudes of the power laws for Deff

below and above the optimal persistence, respectively. Fig. 4a
shows a scaling collapse plot for re-scaled diffusion coefficient
Defff

l as a function of rescaled persistence time tpf
l. The

exponent l E 1 is chosen to yield the best collapse of the data.

Fig. 3 (a) and (b) Snapshots corresponding to a single realization of the
steady state for f = 0.064 at persistence times t(1)

p = 10 (a) and t(2)
p = 100 (b),

respectively.
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(Curiously, this exact same result is obtained for the agglomera-
tion transition line in other models through a kinetic balance
theory.62,63) Notice that the scaling collapse becomes worse at
higher values of packing fraction, with f = 0.256 showing
the most pronounced deviation in Fig. 4a. This deviation of
the proposed scaling at large densities can be partly due to the
significant changes both in spatial cluster structures and in the
role of interactions for this regime. The incorporation of suitable
corrections to scaling64–68 could potentially lead to an extended
range of densities for the scaling regime, but is beyond the scope
of the present work. Fig. 4b shows a density plot of Zint as a
function of packing fraction f and persistence time tp. The white
squares show the simulation results for t�p ¼ t�pðfÞ and solid red

line shows the best fit using our theoretical prediction for

t�p � f�l. Notice that there is excellent agreement between the

direct calculation of t�p, the onset of non-zero Zint and our

theoretical prediction in eqn (3).

4.2 Adjustable network topology (sh 4 1)

We now consider th 4 1, i.e. the network topology changes due
to particle motion. Now the healing time th—the average time it
takes for a closed bond to re-open—plays a fundamental role.
The larger the value of th, the larger the chance that a particle
will be blocked by a closed track. Hence one would naively
expect that the effect of closed tracks is in a sense similar to
steric interactions due to other particles, and that dependence
of transport on th should be similar to the dependence on f.
We will show that this is not always the case: Unlike the
packing fraction case, the optimal persistence time t�p increases

with th.
Fig. 5a and b show the effective diffusion coefficient as a

function of persistence time for several values of th and fixed
packing fractions f = 0.064, and f = 0.256, respectively.

As expected, we observe an overall decrease of Deff with the
increase of th. Also, we observe similar qualitative behavior of
each tp � Deff curve for fixed th in Fig. 5a and b and for fixed f
in Fig. 2a. There is an initial increase of Deff with tp at low tp,
which now shows deviations from linear behavior at both

high th and high f. At intermediate values of tp, Deff reaches
a maximum, and then starts decreasing as tp

�1 at high tp c th.
In fact, we will check that the dominant blocking mechanism
for a particle in the regime tp c th is the steric repulsion due to
agglomeration, which explains why Deff does not depend on th

in this regime. More surprisingly, in contrast with the behavior
we have described for fixed topology and varying packing
fraction,25 the optimal persistence time t�p increases with th.

To explain this counterintuitive behavior, we need to take a
closer look into the two different mechanisms for particle
blocking (the diffusion brakes) in this model.

First, let us note that unlike the fixed topology case (th = 1),
for th 4 1 there are two blocking mechanisms: (i) blocking by
particles, and (ii) blocking by closed tracks. Crucially, mechan-
isms (i) and (ii) lead to different behaviors upon increasing tp.
In Section 4.1 we have described mechanism (i) in detail. We
have argued that the non-monotonic dependence of Deff on tp

is largely connected with the onset of a finite population of
particles in the deep interior of clusters. Within the low-
persistence regime, increasing tp makes active particles diffuse
faster; in the high-persistence regime, diffusion becomes
slower due to agglomeration—particles in the deep interior of
a cluster will be more strongly trapped the larger the tp. This
does not happen for mechanism (ii). As we show in Appendix 8,
if we turn off steric repulsive interactions (by allowing more
than one particle per site), we observe that the effective diffu-
sion coefficient always increases with persistence time. Upon
increasing th, it is the redistribution of blocking mechanisms
that is ultimately responsible for the unexpected increase of t�p
with healing time.

Fig. 6a shows the effective diffusion coefficient for fixed
density f = 0.256, and healing times th = 1 (no closed bonds)
and th = 40 (with closed bonds). Let us consider tp = t(A)

p , i.e. line
A corresponding to t�p when th = 1. As expected, Deff decreases

with th due to the introduction of blocking mechanism (ii).
In turn, the fraction of particles in the deep interior of a cluster
Zint also decreases as th is increased, as show in Fig. 6b. Since
we have observed that it is this population that is responsible
for reducing diffusion at large persistence times [as Deff always
increases with tp for mechanism (ii)], the optimal persistence

Fig. 4 (a) Scaling collapse plot showing re-scaled effective diffusion
coefficient as a function of re-scaled persistence time. The exponent
l E 1 was chosen to yield the best scaling of the data. (b) Density
plot of the fraction of particles in the deep interior of a cluster as a
function of packing fraction and persistence time. White squares represent
a numerical calculation of the optimal persistence time at each packing
fraction, and the solid red line is a best fit using eqn (3).

Fig. 5 Effective diffusion coefficient as a function of persistence time for
packing fractions f = 0.064 (a) and f = 0.256 (b), and several values of the
healing time th.
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time for th 4 1 has to be located at a value t(B)
h 4 t(A)

h , thus
explaining the observed increase of the optimal persistence
time with healing time.

At sufficiently large persistence time, particles organize
themselves into larger clusters, and mechanism (i) becomes
dominant. Fig. 6c shows the fraction of blocked particles as a
function of persistence time for th = 1 and th = 40, with respect
to the total number of particles. For th = 1 there is only one
mechanism, whereas for th = 40 we show the fraction of
blocked particles for each mechanism as well as the total
fraction. The dashed lines corresponds to lines A and B in
Fig. 6a and b. Notice that for large tp, almost all blocked
particles are due to excluded volume interactions. This explains
how the effective diffusion coefficient becomes independent of
healing time at large persistence time.

The main results of this section are summarized in the
three-dimensional plot shown in Fig. 7, in terms of optimal
persistence time, packing fraction and healing time. For points
below and above the surface, the effective diffusion coefficient
increases and decreases with persistence time, respectively.
Although the optimal persistence time decreases with packing
fraction, it increases with healing time, due to the different
blocking mechanisms associated with excluded volume and
closed tracks. The surface is colored according to the value of
the effective diffusion constant at the optimum for each packing
fraction and healing time.

Finally, we note that unlike the fixed-topology case (th =
1), we do not observe signatures of invariant scaling behavior
in the dependence of Deff on th. An inspection of Fig. 5 shows
that the shape of the tp � Deff curves changes systematically
on a log–log scale as th varies. Overall, the transport proper-
ties are governed by a nontrivial interplay between th and tp,
which influences both the onset and release of blocking, as

well as the relative contribution of the different blocking
mechanisms.

5 Conclusions

We now make some concluding remarks about our paper. Here
we have introduced and investigated transport properties of a
model of active particles moving in an adjustable network.
In our model, particles move along bonds connecting nearest-
neighbor sites of a network, and execute a traditional discrete-
version of run-and-tumble motion characterized by a persis-
tence time tp. As each particle moves, it leaves a trail of closed
links that cannot be used by itself nor by other particles. This
trail re-opens, or heals, after a characteristic healing time th.
Particles also interact directly via excluded-volume interactions.
We find that particle–particle interactions (particles blocked by
excluded volume) and particle-network interactions (particles
blocked by closed tracks) lead to different diffusive behavior as
persistence time is varied. In the limit of no network topology
change (i.e. no closed bonds), we recover the expected non-
monotonic dependence of the diffusion coefficient on persis-
tence time, with a characteristic increase and decrease at low
and high persistencies, respectively. We also use simple scaling
arguments to describe these regimes. When we allow network
topology changes (th 4 1 in our units), we find that the two
blocking mechanisms (particle–particle and particle-network
interactions) lead to different behaviors for optimal diffusion
in these systems. As a result, the optimal persistence time
decreases with packing fraction, but increases with healing
time. We expect either our model or simple variants of it to
become relevant in the description of transport properties of a
broad variety of systems of active matter moving in adjustable
media, such as self-propelled swimmers in microfluidic
devices, slime mold Physarum polycephalum and fibroblasts
on cartilage tissues.

Fig. 6 (a) and (b): Effective diffusion coefficient (a) and fraction of parti-
cles in the deep interior of a cluster (b) as a function of persistence time for
packing fraction f = 0.256, and healing times th = 1 and th = 40. The
dashed lines A and B indicate the optimal persistence time for each healing
time. (c) Fraction of blocked particles as a function of the persistence time.

Fig. 7 Optimal persistence time as a function of packing fraction and
‘healing’ time, separating regimes where diffusion increases (below tp) and
decreases (above tp) with persistence time. The color in the surface
corresponds to the value of the effective diffusion coefficient at the
optimum.
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Appendices
Appendix A. Statistical convergence

In this appendix, we provide additional details about our
numerical simulations, and the procedures we use to ensure
equilibration and statistical convergence of the observables.
Notice that standard arguments for Monte Carlo convergence
do not necessarily apply for out-of-equilibrium systems. Hence,
we have taken special care to determine the number of simula-
tion steps required for the system to reach a stationary state.

Our approach relies on a careful analysis of the mean square
displacement (MSD) of the active particles. First, we let the
system evolve for Nther = 105 Monte Carlo Steps (MCS). Then,
we measure the MSD as a function of time for additional
Nstep = 105 MCS.

Fig. 8a–f show the MSD as a function of time for different
values of the packing fraction, persistence time, and healing
time. The system exhibits a clear diffusive regime (MSD(t) B t)
for t \ 104 MCS (see the curves within the gray regions in the
panels). We compute the reported observables Deff and Zint for
times within this time window (104 r t r 105 MCS).

For each set of parameters, we perform Nreal independent
realizations, with Nreal = 10 for f r 0.064 and Nreal = 5
otherwise. For each realization, we initialize the system using
different configurations and random number seeds to ensure
statistical independence. In our model, disorder is not
quenched but emerges dynamically from the particle activity,
leading to distinct microscopic configurations across realiza-
tions. We compute the reported observables for each realiza-
tion and subsequently take an average of the results. Statistical
uncertainties are estimated as the standard error of the mean
across realizations. In all plots shown in this paper, these
uncertainties are smaller than the marker size used in the
figure plots.

Fig. 9a shows Deff as a function of tp for different numbers of
realizations (Nreal = 5,10,15), at fixed packing fraction f = 0.064
and th = 1. The results show negligible variation, indicating that
statistical convergence is already achieved for Nreal = 5. For
instance, in the zoomed-in region around tp = 8 (upper inset),
indicate that variations in the mean value of Deff are of order
10�3 in this scale, corresponding to a negligible relative varia-
tion o0.1%. Similarly, in the lower inset at tp = 64, variations in
the mean value of Deff are of order 10�2 in this scale, corres-
ponding to a relative variation o1%. The same analysis is
shown in Fig. 9b, for an adjustable network with th = 40 and
f = 0.064.

Fig. 8 Time evolution of the mean square displacement for several values
of packing fraction f, and a few values of persistence time tp and healing
time th. The observables reported in this paper (e.g. Deff and Zint) are
computed from time averages within the gray regions (104 r t r 105

MCS), which are deep inside the diffusive regime (MSD(t) B t). The solid
black line represents linear behavior.

Fig. 9 Effective diffusion coefficient as a function of the persistence time
for different numbers of realizations (Nreal = 5,10,15), at fixed packing
fraction f = 0.064 and healing times th = 1 (a) and th = 40 (b).
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Appendix B. High-persistence behavior for fixed network
topology (sh = 1)

We now sketch a previously unreported theoretical argument
for the result Deff p tp

�1 for high tp and th = 1. Although this is
not a rigorous derivation, it sheds light into the quantitative
origin of the result. We proceed by analogy with a different
scenario. In the the run-stop-tumble (RST) model,69 particles
run ballistically and then, at rate bin, enter into a stopped
mode. Then, at rate bout, they leave the stopped mode and
return to the run mode with a new director. That is, the stopped
mode is a prolonged tumbling event during which the particle
does not move. The authors present an expression for the
diffusivity of these particles:

DRST
eff /

bout
bin bin þ boutð Þ: (4)

Now we introduce the analogy. For simple run-and-tumble
particles with excluded volume, in the high-tp regime, mobile
particles can be expected to move ballistically between clusters
and remain stopped or blocked at their interfaces for some
time of order 1/tp. This is similar to the RST scenario. The time
between two stops is assumed to be proportional to the
distance between clusters, which we assume to be proportional
to

ffiffiffiffiffitpp , based on previous results for the cluster sizes on square

lattices.55 Therefore, we can assume bin /
ffiffiffiffiffitpp and bout p tp

�1.

Finally, only mobile particles contribute to diffusivity. The
fraction of mobile particles depends on tp and follows an
empirical expression that was also previously obtained for
square lattices.55 The expression reads ap (1 � f)/[ap+ 0.6(1 �
ap)f], into which we insert ap = tp

�1. Multiplying the expression
for DRST

eff above by this fraction of mobile particles and expand-
ing around tp

�1 = 0 gives, to first order, Deff p tp
�1. Inciden-

tally, expanding around tp = 1 gives the low-tp result, Deff p tp.

Appendix C. Model without steric interactions

To isolate the effect of network topological rearrangements on
particle transport, we consider a simplified model with no
steric interactions between particles. This allows us to suppress
the clustering-induced blocking mechanism and focus exclu-
sively on the impact of closed tracks on transport properties of
our model.

Except for a few important differences, the model is essen-
tially the same as the one described in Section 2. Now the
occupation variable of lattice site i has to allow for multiple
particles, so that si A {0,. . .,Np}. Coordinates xa for particles a
are no longer constrained to be distinct. All the remaining
degrees of freedom—namely the bond variables kic and the self-
propulsion directions na—are left unchanged. The dynamical
rules are modified accordingly. The run-and-tumble dynamics
is now free from steric blocking, while the bond-closing and
healing processes are implemented exactly as in the original model.

In this simplified setting, where blocking due to particle–
particle interactions is absent, we find that the blocking
mechanism associated with closed bonds does not give rise
to a non-monotonic dependence on tp. Instead, we find that

increasing tp always enhances transport, and Deff increases
monotonically for all values of th. We demonstrate this beha-
vior in Fig. 10a and b, which show the effective diffusion
coefficient is shown as a function of tp for different values of
th and fixed packing fractions f = 0.016 (a) and f = 0.256 (b),
respectively.
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9 A. Villa-Torrealba, C. Chávez-Raby, P. de Castro and R. Soto,
Phys. Rev. E, 2020, 101, 062607.

10 A. Escobar, R. Reyes-Aguilar, C. Vidales-Hernández, J.
Carrillo-Estrada and F. Donado, Phys. A, 2025, 659, 130344.

11 E. Agoritsas and P. K. Morse, Memory formation in dense
persistent active matter, arXiv, 2024, preprint, arXiv:
2403.11701, DOI: 10.48550/arXiv.2403.11701.
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