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ABSTRACT
We study the strict locked-orientation limit of hard spherocylinders on a sphere, in which the rod axes are rigidly locked to a prescribed 

tangential director field. The bulk hard-rod phase diagram contains no smectic-C (Sm-C) phase, so any coherent tilt found here is curvature-
induced. On the sphere, the smectic layers can fail to close in only two ways. Assigning each of these two channels a cost, through a minimal 

ratio-symmetric mismatch function, yields a hierarchy of geometric statements: the lower edge of the smectic-area window at 45 

○ is a channel-
swap symmetry point; the upper edge at 58.3 

○ is a testable channel-saturation hypothesis; the smectic-A to Sm-C boundary is given by an 

explicit analytic expression; and, independently of the cost function, local geometry sets the rod tilt angle through the rod-to-radius ratio, 

modulated by a chirality envelope peaking near 24 

○ . Locked-orientation Monte Carlo simulations across fifteen geometries support these 

predictions with no fitted elastic constants; the envelope exponent is a stated golden-ratio input. The smectic-area fraction peaks at 55 

○ , and 

a coherent Sm-C window is detected.
© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0350158

I. INTRODUCTION

Hard spherocylinders are the minimal model of lyotropic liq-
uid crystals: entropy alone drives the isotropic–nematic transition, 

1 

and the bulk phase diagram in aspect ratio ℓ/D and packing fraction, 

with isotropic, nematic, smectic-A (Sm-A), columnar, and crystal 

phases, 

2,3 is reproduced experimentally by rod-like fd-virus suspen-
sions. 

4 In particular, this bulk phase diagram contains no smectic-C 

(Sm-C) phase: hard-core repulsion alone does not tilt the layers 

in flat space, 

3,5,6 and the two-dimensional hard-rod diagram sim-
ilarly has no tilted smectic phase. 

7,8 Any Sm-C order found in a 

hard-rod fluid must, therefore, be induced by an external geometric 

frustration.
A rod fluid tangentially anchored on an S 

2 sphere is topologi-
cally frustrated. By the Poincaré–Hopf theorem (Euler characteristic
+2), any tangential director field must carry point defects of total

winding +2 (here, two polar +1 defects). Smectic layers perpendicu-
lar to such a field cannot close smoothly around the defects, so global 

smectic order is impossible and layering survives only in patches. 

9,10 

Particle-resolved studies with externally locked orientations exist 

only at the two extreme tilts, meridional or latitudinal, 

11,12 while 

contemporary soft-rod molecular dynamics 

13 fixes the meridional 

orientation throughout.
Experimentally, curvature-frustrated ordering has been stud-

ied most thoroughly in microfluidic liquid-crystal shells. Imaging of 

the defect structures of nematic double-emulsion shells first revealed 

coexisting configurations set by the finite, inhomogeneous shell 

thickness; 

14 the defect number and arrangement are tunable between 

the four-, three-, and two-defect states, 

15 with defect pairs coalesc-
ing when the anchoring is switched. 

16 In the smectic phase, the 

one-dimensional layering conflicts with the curvature. Experiments 

have tracked the nematic–smectic transition in colloidal shells and
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the buckling instabilities it triggers, 

17 resolved the curvature walls 

and crescent domains, 

18 and produced tunable focal-conic arrays 

in hybrid-aligned smectic shells. 

19 Most directly, smectic-C shells 

relieve this frustration through a director tilt. 

20 In a smectic-A shell, 

the director coincides with the layer normal, so the curvature forces 

expensive elastic distortions. A director tilt decouples the two fields 

and the shell can then absorb the curvature in a cheap layer bend, 

that is, in splay of the layer normal. This motivates the tilted-layer 

mechanism studied here. Closely analogous physics appears in col-
loidal membranes of rod-like fd virus, one-rod-length-thick chiral 

smectic monolayers 

21 whose edges and internal rafts develop a spon-
taneous rod tilt of definite handedness; 

22,23 even achiral chromonic 

rods break chiral symmetry under curved confinement. 

24

On the modeling side, ordering on curved surfaces has been 

studied extensively by theory and simulation. Monte Carlo simu-
lations of hard spherocylinders confined to the tangent plane of a 

sphere, the closest precedent to the present system, place the four
+1/2 disclinations on a great circle in the bend-dominated limit. 

25 

Nematic ordering and defect arrangements on spheres and on uni-
axial and biaxial colloids have likewise been mapped by Monte 

Carlo. 

26,27 The defect geometry flows from tetrahedral to great-circle 

arrangements as the effective elastic anisotropy is tuned. 

28 Con-
tinuum theory gives the equilibrium textures of nematic shells vs 

thickness, 

29 shows how curvature controls the defect valence, 

30,31 

and couples the extrinsic curvature to the director through the 

Frank constants. 

32,33 The broader interplay of order, curvature, and 

topological defects in two dimensions has been reviewed. 

34 Most 

recently, the positional melting of spherocylinders on a sphere has 

been followed through an intermediate hexatic phase. 

35

This Communication maps the intermediate-tilt window, a 

regime not previously studied. In this window, the locked direc-
tor field is itself chiral and the layer geometry must accommodate 

meridional and latitudinal winding simultaneously. The argument 

is simple. On a sphere, the smectic layers can fail to close in only two 

ways, and the locked director sets the competition between these two 

failure channels. We assign each channel a cost, using one mismatch 

function fixed by three explicit requirements. The outcome is a set of 

geometric predictions: three contain no fitted parameter (two from 

the channel competition, under stated conventions, and one from 

local geometry), one is stated as a hypothesis, and one uses a fixed 

exponent. Locked-orientation Monte Carlo (MC) simulations across 

fifteen geometries then test each prediction. No molecular chiral-
ity or amphiphilicity is introduced: the handedness is imposed only 

geometrically, through the prescribed director field and the spherical 

host; in chiral-smectic shells and colloidal membranes, by contrast, 

molecular chirality supplies the handedness.

II. THEORY
The system is a fluid of monodisperse hard spherocylinders 

(cylinder length ℓ and diameter D) whose centers lie on a sphere of 

radius R s 
and whose axes are rigidly locked to the tangential director 

field,

ˆ nω 
(θ, ϕ) = cos ω ˆ eθ 

+ sin ω ˆ eϕ 
, (1)

with ˆ eθ 

being the meridian direction, ˆ eϕ 
being the latitude direc-

tion, and ω being the imposed director tilt. The integral curves of 

ˆ nω 
are loxodromes (rhumb lines), the constant-bearing curves of

navigation, which spiral from pole to pole. Equally spaced smectic 

layers perpendicular to the director correspond to crossing this lox-
odrome family at a constant rate. (At ω = 0 and 90 

○ , they degenerate 

into meridians and latitude circles.) Such a layer stack is frustrated 

in exactly two ways. If the layers stay perpendicular to the lox-
odromes (and so themselves spiral), a latitude circuit must hold 

an integer number of layer periods; the leftover mismatch behaves 

like a dislocation. If the layers instead close around latitude circles, 

the tilted-rod projection onto the layer normal no longer matches 

the layer period. The following window and boundary predictions 

follow from weighing these two channels with one cost function; 

the control variables are the locked tilt ω and the curvature ratio
(ℓ + D)/R s 

.
The cost is a function of one dimensionless ratio, x = d/d 

∗, 

where d is the local layer spacing and d 

∗ = ℓ + D is the matched 

spacing of bulk hard-rod smectics. Three requirements constrain 

its form: (i) a matched scale costs nothing, J(1) = 0; (ii) a pure 

ratio has no preferred direction, so reciprocal stretch and compres-
sion are penalized equally, J(x) = J(1/x); and (iii) the near-match 

cost is harmonic. The simplest rational function satisfying (i)–(iii)
is J(x) = 

1
2 

(x + 1/x) − 1 [Eq. (S2) of the supplementary material]; it 

contains no adjustable parameter. All derivations use only proper-
ties (i)–(iii); the single exception is one hypothesis, introduced and 

labeled as such at Eq. (3). Treating J as a layer-mismatch cost den-
sity is a modeling assumption, not a derivation from the hard-rod 

free energy (assumptions collected in the supplementary material). 

Three geometric statements (P1–P3) follow; P1 carries two 

window edges of different status and P3 carries an envelope, so 

together they yield the five outputs counted in Sec. I. The first (P1) 

concerns the smectic-area window. The meridional and latitudinal 

layer-breaking channels enter with the squared director projections 

as weights (a modeling ansatz, supplementary material),

C sm 
(ω) = w A 

J(y A 
) +w B 

J(y B 
), (2)

where w A 
= sin 

2 ω and w B 
= cos 

2 ω are the latitudinal and merid-
ional weights, respectively, and y A 

∝ 1/sin ω and y B 

∝ 1/cos ω are 

the mismatch ratios. The proportionality constants in y A,B 

are not 

fixed independently, so Eq. (2) identifies the two channels but poses 

no closed minimization. With equal constants (the symmetric con-
vention), C sm 

is invariant under the channel swap ω → π/2–ω; we 

identify its fixed point π/4 with the lower window edge, a modeling 

choice (supplementary material) that introduces no free parameter. 

The upper edge invokes the single hypothesis of the channel compe-
tition and channel saturation: the window closes when the weight
ratio reaches w B 

/w A 
= 1/φ 

2 , where φ = (1 + 

√ 

5)/2 is the golden
ratio. This places the upper edge at tan ω 

∗

sm = φ; together with the
45 

○ lower edge, the predicted smectic-area window is

ω ∈ [π/4, ω 

∗

sm = arctan φ] ≈ [45 

○ , 58.3 

○ ]. (3)

The ratio 1/φ 

2 is posited, not derived: a generic saturation ratio r
would place this edge at arctan (1/ 

√ 

r); the simulations test whether 

the smectic-area maximum falls inside the window, not the 58.3 

○ 

value in isolation.
The second (P2) locates the boundary between the two chan-

nels. A Sm-A stack keeps its layers perpendicular to the director 

loxodromes; a Sm-C stack closes its layers around latitude circles.
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Setting the per-rod costs of the two geometries equal (equal pref-
actors, one residual layer per circuit; supplementary material), using 

the reciprocal symmetry (ii), gives the parameter-free Sm-A → Sm-C 

boundary,

R∗SmC(ω) =
ℓ +D

2π sin ω (sec ω − 1) . (4)

Its monotonic decrease with ω places the coherent Sm-C region at 

low tilt.
The third (P3) gives the tilt angle of the rods once a Sm-C layer 

forms: the leading tilt is set by the rod-to-radius ratio,

∣α∗∣(Rs, ℓ) = arctan( ℓ +D
Rs
), (5)

where ℓ + D is the end-to-end rod contact length. The small-angle 

form (ℓ + D)/R s 
is not used because the ratio is not small on the 

smallest hosts (construction in the supplementary material). Equa-
tion (5) sets the tilt magnitude; the locked director sets its global 

handedness. The average tilt ⟨α⟩ is taken with its sign, so it is nonzero 

only when one handedness wins. It vanishes at ω = 0 

○ and 90 

○ and 

is largest at small tilt, not at 45 

○ . We parameterize its variation with
ω by the phenomenological envelope,

⟨α⟩(ω) ∝ ± sin (2ω)cos 

ν ω, (6)

whose maximum lies at ω pk 

≈ 23.6 

○ ; the proportionality constant 

is fixed by setting the peak depth to ∣α 

∗ ∣, and the imposed field’s 

handedness selects the sign (negative in our data). The exponent is 

adopted as ν = φ 

3 ≈ 4.24, a second golden-ratio input: the tilt grid 

brackets the observed peak only between 15 

○ and 28 

○ , so the data 

do not resolve ν independently (supplementary material). Evaluat-
ing Eq. (4) at 22.5 

○ , the simulated tilt slice nearest the peak ω pk 

, gives 

the coherent-block scale,

R∗coh 

≡ R∗ 

SmC(22.5 

○ ) ≈ 5.05 (ℓ + D), (7)

used in the following only as a geometric scale for the radial edge. 

In sum, the channel competition has one input, the fixed func-
tion J, with d 

∗ built in as its zero (verified, not predicted). Its 

parameter-free outputs (given the stated conventions) are the 45 

○

edge and R∗SmC; ∣α 

∗ ∣ is parameter-free from local geometry alone;
the 58.3 

○ edge and the envelope exponent ν = φ 

3 are the two labeled 

golden-ratio inputs.

III. SIMULATION METHODS
We sample the system by strict locked-orientation NVT MC. 

This is the limit of infinite anchoring strength (K → ∞): the tilt 

in Eq. (1) is held rigid. Every accepted configuration is provably 

overlap-free by direct Vega–Lago re-evaluation. 

36 The study spans 

fifteen (R s 
, ℓ) geometries: all combinations of R s 

∈ {10, 20, 30, 40}D 

and ℓ ∈ {3, 5, 8, 10}D, except the geometrically frustrated corner
(10, 10)D (rod length equals host radius). The surface coverage
η = N(ℓD + πD 

2 /4)/(4πR 

2
s) is fixed at η ≃ 0.75 (up to integer

N), where smectic order reliably forms; 

11,12 up to thirteen tilt 

angles are sampled per geometry. All simulation details are in the 

supplementary material. Figure 1 shows representative snapshots

FIG. 1. Simulation snapshots at the locked tilts ω = 0, 22.5 

○ , 35 

○ , 45 

○ , 55 

○ , 67.5 

○, 

and 90 

○ (left to right) for two hosts. Top two rows: the smallest host R s 
= 10D,

ℓ = 5D, side view (first row), and view along the polar axis (second row). Bottom 

two rows: the same but for the coherent-Sm-C host R s 
= 20D and ℓ = 5D. The 

rods are colored by their local nematic order parameter.

with the locked chiral director field and the banded layering at 

intermediate tilts. Because the topology forbids global layering, the 

smectic observable is local.
For each rod i with neighbor set N i 

(center distance below r cut 
), 

we define

Ψi(d) =
1
∣N i∣

∑
j ∈ N i

exp [2π i
(rj − ri) ⋅ m̂i

d
], (8)

where the trial layer normal ˆ mi 
is tilted by an angle α from the locked 

director in the local tangent plane. The modulus ∣Ψ i 
∣ is maximized

jointly over the trial spacing d and the layer tilt α, giving the per-
rod optima (∣Ψ 

∗

i ∣, d 

∗

i 

, α 

∗

i ). Setting α = 0 recovers the standard Sm-A 

order parameter; neighbor distances are Euclidean chords, with 

cutoffs and trial grids listed in the supplementary material. Three
aggregates summarize a panel: the smectic area fraction f sm 

(frac-
tion of rods with a converged local fit and ∣Ψ 

∗ 

i ∣ > 0.5), the median
local spacing d̃ 

∗ , and the chirality index χ ≡ ∣⟨α⟩∣/σ α 
, where ⟨α⟩ is

the panel mean of the per-rod layer tilts α 

∗ 

i and σ α 
is a per-host noise

width, the pooled standard deviation of the per-rod tilts over that 

host’s panels (6.4 

○ –10.0 

○ , supplementary material). The index χ sep-
arates a globally coherent, single-handed Sm-C (χ ≥ 1.5) from Sm-A 

or multi-domain states, where the signed mean is comparable with 

the scatter. The threshold matters because the joint (d, α) optimiza-
tion generates tilt noise of order of the per-host width σ α 

, even on a 

true Sm-A configuration, so a nonzero ⟨∣α∣⟩ alone does not establish 

Sm-C order (the unsigned mean ⟨∣α∣⟩ of Fig. 3 is distinct from ∣⟨α⟩∣).

IV. RESULTS
The MC dataset tests the predictions of the hierarchy one at 

a time; it supports the window, boundary, and short-rod tilt-angle 

statements with the qualifications in the following.
The layer-spacing scale d 

∗ is checked first: across all strict-MC 

panels with a nonzero smectic fraction, the median local spacing lies 

within ±10% of ℓ + D, a consistency check of the input scale.
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FIG. 2. Smectic-area fraction f sm(ω) across six (R s 
, ℓ) geometries (fraction of

rods with a converged local fit and ∣Ψ 

∗ 

i ∣ > 0.5). Shaded band: the smectic-area
(P1) window [45 

○ , 58.3 

○ 

] [Eq. (3)]. The lower edge is the channel-swap symmetry 

point; the upper edge is the channel-saturation hypothesis and is not resolved 

separately by the present tilt grid. For clarity, only a subset of the tilt grid is shown; 

the ℓ = 10D grid has no 15 

○ slice.

Figure 2 shows the smectic-area fraction f sm(ω) across the
ℓ = 5D radius series and the two longer-rod cohorts (a cohort is 

one simulated (R s 
, ℓ) pair): (40, 8) and (40, 10). Two features stand 

out: First, every cohort with a smectic signal peaks at the same tilt
ω = 55 

○ , inside the [45 

○ , 58.3 

○ ] window of Eq. (3); this supports 

P1, which constrains the location of the maximum. Second, the (40,
10) curve is flat at f sm 

≤ 2%, so on this host, the smectic channel is
entirely suppressed. The soft-rod spherical phase diagram 

13 shows a 

related trend, a nematic regime opening above aspect ratio 8–9, but 

it retains a smectic region at all aspect ratios, whereas here only two 

isolated ℓ = 10D Sm-C panels survive (Fig. 6).
Figure 3 shows the central quantitative test of P3: it compares 

the measured mean layer tilt with the parameter-free prediction (5) 

across all (R s 
, ℓ) at two ω slices. The physics is in three tenden-

cies. First, wherever one handedness wins, the tilt magnitude follows 

the curvature: the coherent panels track arctan[(ℓ + D)/R s 
] with no 

fitted constant, the ℓ = 5D cohorts on the diagonal and the longer 

rods above it, so Eq. (5) is a leading curvature scale with aspect-
ratio corrections. The (10, 5) panel is a qualified case: its layered 

patches are too sparse for a coherent phase (Fig. 2), but their tilt is 

single-handed and on the diagonal. Second, the noncoherent cohorts 

scatter at the per-host noise level, the negative control expected 

when no handedness is selected. Third, the coherent region migrates
with tilt: at 22.5 

○ , coherence belongs to the shorter rods, while at 45 

○ ,
only the longer-rod panels (20, 8) and (30, 10) remain coherent, a 

single length–tilt crossover in which the best-matching rod length 

grows with the imposed tilt. At 45 

○ , the host (20, 8) relaxes onto the 

diagonal (measured 24.3 

○ vs predicted 24.2 

○ ). Equation (4) is tested 

only as the radial edge at 22.5 

○ ; coherent panels at higher tilts lie 

beyond it, and panel-by-panel agreement is not claimed.

FIG. 3. Master test of the P3 tilt-angle formula [Eq. (5)]: observed mean layer 

tilt ⟨∣α∣⟩ vs the predicted α 

∗ 

= arctan[(ℓ + D)/R s 
] for every (R s 

, ℓ) cohort for 

which the local smectic fit returns a defined mean tilt at the tilt slice shown,
ω = 22.5 

○ (top) and ω = 45 

○ (bottom) (sparse panels whose fit does not converge 

are absent). The marker’s shape and color encode rod length, and the dashed 

diagonal marks perfect prediction; the dotted lines mark ±25%. The black rings
single out the coherent Sm-C cohorts (χ ≥ 1.5 with f sm 

≥ 0.10, classified in Fig. 6),
the only points expected to lie on or near the diagonal. The unringed (10, 5) point 

at 22.5 

○ is a qualified case: single-handed and on the diagonal, but with layered 

patches too sparse to count as a coherent phase in Fig. 6. The remaining cohorts 

are Sm-A or multi-domain and are not expected to track the prediction. They are 

retained to show the negative controls rather than as positive evidence for the tilt 

scale. Near the origin, such points can fall close to the diagonal by coincidence: 

the unsigned mean of pure tilt noise is of order σ α 
= 6 

○ –10 

○ , comparable with the 

small predicted values there.

Figures 4 and 5 resolve the ℓ = 5D series in tilt. The signed 

mean tilt (Fig. 4) is negative, one global handedness, over almost 

the entire interior tilt range. Its depth grows as the host shrinks, 

exactly as Eq. (5) orders ∣α 

∗ ∣ (−32 

○ measured vs −31 

○ predicted on

J. Chem. Phys. 165, 074903 (2026); doi: 10.1063/5.0350158 165, 074903-4

© Author(s) 2026

 18 August 2026 10:17:46

https://pubs.aip.org/aip/jcp


The Journal 

of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

the smallest host), and it peaks near the envelope peak ω pk 

≈ 23.6 

○ 

[Eq. (6)]. The chirality index (Fig. 5) is nonzero only when the whole 

sphere selects one handedness; Fig. 6 labels a panel coherent Sm-
C only when χ ≥ 1.5 coincides with f sm 

≥ 0.10. Coherence survives

FIG. 4. Signed mean Sm-C tilt ⟨α⟩(ω) vs ω for the four host radii (ℓ = 5D); the 

legend lists the P3 prediction −∣α 

∗ 

∣ of Eq. (5) for each radius. The dashed horizon-
tal line represents the Sm-A reference ⟨α⟩ = 0; the R s 

= 40D trace is indicated by 

the dashed line. The magnitude divided by the per-host width σ α 
gives the chiral-

ity index of Fig. 5. Inset (lower right): a representative coherent Sm-C texture [the 

(30, 8) host at ω = 15 

○ , shown for the texture only; the traces are ℓ = 5D]; the 

long-dashed arrow marks the ω = 22.5 

○ minimum of the R s 
= 30D trace.

FIG. 5. Sm-C global chirality vs tilt ω across host radii (ℓ = 5D): the chirality index
χ = ∣⟨α⟩∣/σ α 

for the same panels as Fig. 4. The horizontal dashed line marks the 

coherent-Sm-C threshold χ = 1.5: a host carries one coherent handedness at tilts 

where its curve lies above the line and is Sm-A or multi-domain where it lies below
the line. The coherent-Sm-C label shown in Fig. 6 additionally requires f sm 

≥ 0.10.
The dotted line marks χ = 1, the signed-tilt/noise scale used as a visual reference.

over finite tilt windows on the two smaller hosts, only marginally at 

R s 
= 30D and never at 40D. The observed coherence edge, therefore, 

lies between 30 and 40D, matching the parameter-free geometric
boundary R 

∗ 

SmC(22.5 

○ ) ≈ 5.05 (ℓ + D) ≈ 30D [Eq. (4)] for ℓ = 5D,
without any calibration; at the envelope peak, the same boundary 

drops to ≈26D (supplementary material). The radial test is specific 

to ℓ = 5D: the ℓ = 3D coherent panel lies below its predicted 20D 

edge and ℓ = 10D has no smectic fraction here, so Eq. (4) applies 

only inside the smectic window.
The phase diagrams (Fig. 6) assemble the panel classifica-

tion and resolve three length-dependent regimes. The shortest rods
(ℓ = 3D) barely sense the curvature: the layers remain Sm-A; a sin-
gle coherent Sm-C panel survives on the smallest host (R s 

= 10D) 

at low tilt. At the opposite extreme (ℓ = 10D), the smectic sig-
nal is almost entirely suppressed, although bulk rods of this aspect 

ratio smectize readily: the suppression is a curvature effect. Between 

these limits (ℓ = 5–8D), a robust coherent Sm-C window appears 

and in both diagrams, it sits at low ω, consistent with the mono-
tonic decrease in R 

∗ 

SmC(ω) [Eq. (4)] and with the chirality envelope
[Eq. (6)], which concentrates the signed mean on the same low-tilt 

side.

FIG. 6. Two-dimensional Sm-A/Sm-C phase diagrams on the (R s 
, ω) plane for

ℓ = 3D (top), 5D, 8D, and 10D (bottom). Each marker classifies one strict-
MC panel by the smectic fraction and the chirality index: yellow bullet nematic
( f sm 
< 0.10); red bullet Sm-A/noncoherent (χ < 1.5); light blue bullet coherent

Sm-C with ∣⟨α⟩∣ ≤ 22 

○ ; and dark blue bullet coherent Sm-C with ∣⟨α⟩∣ > 22 

○ (the 

22 

○ bin edge is a display choice, not a physical threshold). The black rings mark 

the coherent Sm-C panels, the same marking as shown in Fig. 3. The nematic cri-
terion takes precedence: a panel with a single-handed tilt but sparse layering, such 

as (10, 5) at low tilt, is classified nematic. The ℓ = 10D panel has no R s 
= 10D col-

umn: in that combination, the rod length equals the host radius (ℓ/R s 
= 1) and it 

was not simulated.
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V. DISCUSSION
In summary, spherical confinement induces coherent Sm-C 

order in a hard-rod fluid whose bulk phase diagram contains none. 

In the strict locked-director limit, a single ratio-symmetric cost 

function, J, together with the labeled saturation hypothesis, sets 

the channel-competition scales, the smectic-area window [Eq. (3)] 

and the Sm-A → Sm-C boundary [Eq. (4)] with its coherence 

scale [Eq. (7)]; the local spherical geometry fixes the tilt magni-
tude [Eq. (5)], and the fixed exponent ν = φ 

3 describes the low-tilt 

sign envelope [Eq. (6)]. Our central result is the explicit analytic
form of that boundary, R 

∗ 

SmC(ω): at the tested slice 22.5 

○ , the sim-
ulated ℓ = 5D host radii lie on both sides of it, so the data test their 

location, not merely their proportionality to ℓ + D. Its monotonic 

decrease with tilt fixes the low-tilt location and radial scale of the 

coherent block. The tilt magnitude arctan[(ℓ + D)/R s 
] is established 

here only for the shorter rods.
The natural next step is finite anchoring (K < ∞), with rod 

axes no longer rigidly pinned. Relaxation restores the suppressed 

orientational entropy; the single-handed chirality is the observable 

most vulnerable to it. We expect the geometric scales, especially
R 

∗ 

SmC(ω), to survive partial relaxation since they follow from geom-
etry, not entropy. The present NVT data cannot decide whether 

the curvature-induced Sm-C is thermodynamically stable or a long-
lived metastable state; the decisive open test is whether the coherent 

handedness persists at finite anchoring.
Finally, the locked-director limit suggests a direct experimental 

realization: Pickering emulsion droplets densely covered with mag-
netic rods. A magnetic-field landscape imprinted on the shell would 

prescribe the local tilt ω independently of the packing and sweeping 

it would scan the phase diagrams of Fig. 6 directly.

SUPPLEMENTARY MATERIAL

The supplementary material contains the complete deriva-
tions behind the geometric predictions of the main text: the ratio-
symmetric cost function and its four explicitly stated working 

assumptions, the two edges of the smectic-area window, the Sm-A
→ Sm-C boundary radius, the peak of the chirality envelope, and 

the leading rod tilt angle. It also documents the locked-orientation 

Monte Carlo protocol, with rod counts and equilibration as well as 

production metadata for all fifteen simulated geometries, together 

with the local layer-fit and chirality-analysis conventions, includ-
ing neighbor cutoffs, trial grids, the per-host tilt-noise widths, and 

the coherence classification used in the phase diagram of the main 

text.
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