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Active matter is characterized by a constant influx and dissipation of energy that gives rise to directed motion.
Dissipation requires interactions with an external environment, such that extending the paradigm of active matter
to a quantum framework requires an appropriate description of this environment. In this work, we consider
a driven quantum particle undergoing noise and dissipation, with external driving exhibiting characteristics
of classical activity. We model the nonunitary dynamics with time-local master equations and analyze the
particle motion at different timescales for different forms of the master equations, satisfying different criteria.
We systematically compare predictions on the dynamics of particle trajectories and thereby we uncover how
the particle motion evolves under the interplay of quantum effects, dissipation, and activelike dynamics. These
results are essential for guiding possible experiments aimed at realizing quantum analogs of classical active
systems.
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I. INTRODUCTION

Quantum active matter is an emerging and rapidly develop-
ing field [1–7] that aims at identifying quantum-mechanical
dynamics which can be classified as active [8]. In classical
physics, activity arises from the local absorption of energy
from internal or external sources and its subsequent conver-
sion into persistent, directed motion [9–11]. Recent works
have shown that the concept of active motion can be trans-
ferred to quantum systems [2–4,7]. A paradigmatic example
is a quantum particle bound to a potential, whose center
undergoes stochastic fluctuation [5] (see Fig. 1). In this sys-
tem, activity is introduced externally through the prescribed
classic stochastic trajectory xc(t ). The resulting quantum mo-
tion can then mimic key characteristics of the motion of
“self-propelled” particles [8,9,11], i.e., ballistic motion at
intermediate times and active diffusion at late times, while
the system remains unbiased (isotropic) after averaging over
many realizations. While the approach suggested in Ref. [5]
generally works both in Hamiltonian and in dissipative sys-
tems, the latter case shows closer analogies with classical
active matter and is therefore of particular importance. This
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brings to the fore the need to understand how to consistently
model dissipation in activated quantum systems, which moti-
vates the present study.

In classical active matter, dissipation is a crucial factor
since active matter dynamics and thermodynamics typically
arise from the energy exchange with an external environ-
ment [12–15]. A quantum-mechanical analog of active matter
shall also possess these features and necessarily calls for an
adequate formalism. However, the interaction of a quantum
system with an external environment typically tends to induce
loss of quantum coherence. Hence, one key question is to
understand the role that a reservoir plays for quantum activity.

The theory of open quantum systems [16] provides a sound
description of the dynamics of a quantum system that ex-
changes energy and establishes correlations with an external
reservoir. In the presence of interactions with an external
reservoir, the evolution of the quantum state is determined by
a completely positive and trace-preserving (CPTP) time evo-
lution of the system’s density matrix. The latter describes the
dynamics of the quantum probability amplitudes, from which
interferences originate, and of the classical probabilities due
to partial knowledge about the system, which determine the
dynamics in the classical limit.

Generators of the CPTP map can be cast in the form
of Nakajima-Zwanzig master equations [17–19], which can
be rigorously derived from a Hamiltonian description of a
coupled system and an external environment by eliminating
the environment’s variables from the equations of motion of
the system’s variables [16]. They are generally inhomoge-
neous differential equations for the system’s density operator
that are nonlocal in time. Their specific form depends on
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the initial state of the reservoir, on the initial correlations
between system and reservoir, and on the system-reservoir
interactions. These equations are tractable in few limits [20]
and are usually simplified by means of plausible approxima-
tions [21]. One prominent approximation is the Born-Markov
one, for which the master equation becomes a homogeneous
differential equation that is local in time [16,21,22] (see also
Ref. [23]). Different forms of time-local master equation have
been discussed and used in the literature. Some satisfy
the CPTP requirement [24–26]. For instance, Born-Markov
master equations derived using the secular approximation
[16,27,28] and the rotating-wave approximation [28,29] are
well suited for the description of quantum optical systems.
Other approaches are designed to be thermodynamically con-
sistent, making them more natural from the perspective of
statistical mechanics [30–33]. For an overview of time-local
master equations and an accuracy assessment see Ref. [21].
This distinction is not merely theoretical. Different master
equations can best describe different regimes and experi-
mental scenarios [22,34]. Understanding how quantum active
dynamics can emerge for different models, describing dissi-
pation and dephasing, can be crucial for experiments aiming
at observing quantum active dynamics.

The purpose of this work is to analyze the effect of dif-
ferent types of quantum time-local master equations on the
dynamics of quantum active matter. Our starting point is the
framework of Ref. [5], where the features of active matter
are reproduced by a quantum particle confined by a potential
and driven with colored noise. In this paper we extend this
approach to consider different generators of the open-quantum
system dynamics. By systematically comparing several dis-
sipative master equations, we uncover the interplay between
quantum effects and activelike dynamics across weak and
strong dissipation regimes. Depending on the underlying dis-
sipator, describing the nonunitary part of the dynamics, one
may obtain a quantum-active evolution that ensures positivity
of the density matrix, or one that reproduces the standard
active matter dynamics in the classical limit—but not both
simultaneously.

The paper is organized as follows: in Sec. II we introduce
the models and discuss the details of the numerical procedure.
In Sec. III we provide the results for the different master equa-
tions and discuss them. In Sec. IV we draw our conclusions.
Details of theoretical models and analysis are provided in the
Appendixes.

II. OPEN QUANTUM SYSTEM DESCRIPTION
OF A QUANTUM ACTIVE PARTICLE

The purpose of this section is to introduce models of
a quantum active particle in the presence of an external
environment.

A. Model

Our starting point is the minimal model of quantum active
matter of Ref. [5], which is inspired by the active Ornstein-
Uhlenbeck particle (AOUP) and is one-dimensional. In the
classical AOUP model, the particle’s self-propulsion arises
from colored noise xc, which drives persistent active motion

[35–41]. Specifically, the variable xc(t ) is the classical trajec-
tory of a particle that solves the equation of motion

τ ẍc(t ) = −ẋc(t ) +
√

2Dη(t ), (1)

where τ is the inverse damping rate (or equivalently, the
persistence time), D is the diffusion coefficient in units of the
damping rate, and η(t ) is a Gaussian white noise with zero
mean and correlations η(t ′)η(t ′′) = δ(t ′ − t ′′).

In the quantum-mechanical model proposed in Ref. [5], a
quantum particle of mass m is confined by a time-dependent
harmonic potential. The potential has a fixed frequency ω and
the center follows the prescribed Ornstein-Uhlenbeck trajec-
tory xc(t ). Thereby, the quantum particle is governed by a
time-dependent Hamiltonian of the form

Ĥ [xc(t )] = p̂2

2m
+ 1

2
mω2[x̂ − xc(t )]2, (2)

where xc(t ) is a classical variable undergoing the dynamics
of Eq. (1); x̂ and p̂ are the canonically conjugated position
and momentum along x, satisfying the commutation rela-
tions [x̂, p̂] = ih̄, where h̄ is Planck’s constant. The classical
particle establishes a contact between the quantum particle
and a thermal bath. Since the external drive xc(t ) is gov-
erned by the classical equation of motion (1) and unaffected
by the state of the quantum particle, we can represent the
state of the quantum system by a probability distribution
over quantum trajectories |ψ (xc(t ), t )〉. Here, |ψ (xc(t ), t )〉 is
the solution of the Schrödinger equation ∂t |ψ (xc(t ), t )〉 =
Ĥ [xc(t )]|ψ (xc(t ), t )〉 for a given trajectory xc(t ). The state of
the quantum particle is given by the density matrix �̂(t ):

�̂(t ) =
∫

Dxc(t )P[xc(t )]|ψ (xc(t ), t )〉〈ψ (xc(t ), t )|, (3)

where P[xc] denotes the probability functional that the parti-
cle follows the trajectory xc(t ) and the functional integral is
performed over all paths, such that

∫
Dxc(t )P[xc(t )] = 1.

In this work, we assume that the quantum active particle is
additionally coupled to a reservoir. The motion results from
the interplay of the energy exchange of the quantum particle
with an external reservoir and the coupling with the classical
active particle, undergoing the dynamics governed by Eq. (1).
For a given trajectory xc(t ), the state of the system is now
described by a density operator ρ̂(xc(t ), t ). Since xc(t ) repre-
sents the stochastic trajectory of a classical degree of freedom,
physical observables must be averaged not only over quantum
states but also over the ensemble of possible realizations of
xc(t ). In other words, the quantum system is subject to a
noisy classical driving, and its effective behavior emerges only
after performing both the quantum and the classical ensem-
ble average. In general, the state ρ̂(xc(t ), t ) is evolved from
the initial state ρ̂(xc(0), 0) by the CPTP map ρ̂(xc(t ), t ) =

̂xc (t )[ρ̂(xc(0), 0)]. By averaging over all trajectories, the state
of the system is now given by

�̂(t ) =
∫

DxcP[xc]ρ̂(xc(t ), t ). (4)

In order to determine the dissipative dynamics, we consider
generators that are local in time, such that ∂t ρ̂ = L(xc(t ), t )ρ̂.
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The superoperator L has the form

L(xc(t ), t )ρ̂ = − i

h̄
[Ĥ[xc(t )], ρ̂(xc(t ), t )]

+ D(xc(t ), ρ̂(xc(t ), t )), (5)

where [·, ·] is the commutator [Â, B̂] = ÂB̂ − B̂Â and D,
which describes the incoherent dynamics, is in what follows
denoted by “dissipator.” In this work, we assume the time-
local quantum master equation, which can be found as the
limiting case of a Nakajima-Zwanzig master equation when
the environment’s correlation time is much shorter than the
system’s characteristic timescale [16]. Being an approxima-
tion, it is not warranted that the corresponding map is CPTP.
Positivity is warranted by the Lindblad form, as the one in
the model of Ref. [5]. However, the Lindblad master equa-
tion does not deliver the correct asymptotic limit [29,42].
Other known forms satisfy the fluctuation-dissipation theorem
but do not generally guarantee positivity [43,44]. In what fol-
lows, we investigate how the physical behavior of the quantum
active particle depends on these different choices.

B. Models for the dissipator

Here, we first introduce the different kinds of dissipators
considered in this work, highlighting their defining features
and the motivation behind their choice. Each dissipator pro-
vides an approximate description of different types of noise
and of the regimes, possibly reflecting a range of experimental
situations and setups. In what follows, we use the notation
ρ̂(xc(t ), t ) ≡ ρ̂(t ) for a single stochastic realization xc(t ).

1. Lindblad dissipator

We consider a form of Lindblad dissipator, inspired by
the one used in the model of a quantum active particle of
Ref. [5]. The idea of Ref. [5] was to mimic active motion of
a quantum particle by means of a trapping potential whose
center follows the noisy trajectory of a classical particle. The
quantum particle is also exposed to a thermal bath, whose ef-
fect is a weak perturbation with respect to the noise mediated
by the classical particle. One issue of the form of Lindblad
dissipator of Ref. [5] is that it does not preserve physical
properties at large thermalization rates (see the discussion
in Appendix A 2). In this work we consider a modification
that accounts for the motion of the trap along the trajectory
xc(t ). Before we give its explicit form, we introduce the
annihilation and creation operators of the harmonic oscilla-
tor, ˆ̃a(t ) and ˆ̃a†(t ), such that Hamiltonian (2) takes the form
H = h̄ω[ ˆ̃a†(t ) ˆ̃a(t ) + 1/2]. These operators are related to the
position and momentum operators of the oscillator centered
at the origin, x̂ = x∗(â + â†) and p̂ = −i(â − â†)h̄/(2x∗) with
x∗ = √

h̄/(2mω), by the relations

ˆ̃a(t ) =
√

mω

2h̄

(
x̂ − xc(t ) + i

mω
p̂

)
, (6a)

ˆ̃a†(t ) =
√

mω

2h̄

(
x̂ − xc(t ) − i

mω
p̂

)
. (6b)

The Lindblad dissipator takes the form (see Appendix B for
details of the derivation)

DL = γ

2
n̄

(
ˆ̃a†(t )ρ̂(t ) ˆ̃a(t ) − 1

2
{ ˆ̃a(t ) ˆ̃a†(t ), ρ̂(t )}

)

+ γ

2
(n̄ + 1)

(
ˆ̃a(t )ρ̂(t ) ˆ̃a†(t ) − 1

2
{ ˆ̃a†(t ) ˆ̃a(t ), ρ̂(t )}

)
,

(7)

where {Â, B̂} = ÂB̂ + B̂Â for any two operators Â and B̂ acting
in the Hilbert space of the quantum particle. We note that for
the mathematical consistency of the suggested dissipator, ẋc(t )
must be a continuous function so that the driving protocol
is continuous and differentiable in time (the necessity of this
condition is discussed in Appendix C). The process xc(t ) set
by Eq. (1) satisfies this condition.

The dissipator (7) describes the dynamics emerging from
the thermal contact of an oscillator with a thermal bath at tem-
perature T . Here, n̄ is the expectation value of the oscillator
number operator at thermal equilibrium:

n̄ = 1

exp(h̄ω/kBT ) − 1
, (8)

where kB is the Boltzmann constant, and γ is the thermaliza-
tion rate [45].

In this work, we will analyze the interplay between the
classical colored noise induced by the fluctuations of the
potential and thermalization for thermalization rates. In what
follows, we rewrite the dissipation strength using the gain and
loss rates ν±, defined as

ν± = γ

2

(
n̄ + 1

2

)
∓ γ

2
, (9a)

with thermalization rate then regulated as

γ = 2(ν− − ν+), (10)

and temperature as

T = h̄ω

kB ln
(

ν−
ν+

) . (11)

The dissipator (7) can be conveniently rewritten as

DL = ν+

(
ˆ̃a†(t )ρ̂(t ) ˆ̃a(t ) − 1

2
{ ˆ̃a(t ) ˆ̃a†(t ), ρ̂(t )}

)

+ ν−

(
ˆ̃a(t )ρ̂(t ) ˆ̃a†(t ) − 1

2
{ ˆ̃a†(t ) ˆ̃a(t ), ρ̂(t )}

)
. (12)

A convenient way to visualize the dynamics that the
dissipator (7) generates makes use of the Wigner quasiprob-
ability distribution W (x, p), which provides a convenient
phase-space representation of the state of a quantum particle
[45–47].

In the Wigner representation, the quantum master equa-
tion (7) corresponds to a Fokker-Planck equation for W (x, p),
providing an alternative but fully equivalent description of
the same quantum dynamics (see Appendix A 1 for the
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derivation). The Fokker-Planck equation then reads

∂tW =
∑
i=x,p

∂i( fiW ) +
∑

i, j=x,p

∂2
i j (gi jW ), (13a)

fx = − p

m
+ γ

4
(x − xc), fp = mω2(x − xc) + γ

4
p, (13b)

gxx = h̄γ

8mω
coth

(
h̄ω

2kBT

)
, gpp = h̄γ mω

8
coth

(
h̄ω

2kBT

)
,

(13c)

where gxp = gpx = 0. We note that the Wigner Fokker-Planck
equation contains terms that are not present in a dissipative
classical harmonic oscillator (CHO):

mẍCHO(t ) + γ ẋCHO(t ) = −mω2[xCHO(t )−xc]+
√

γ kBT η(t ),

(14)

for which the Fokker-Planck equation reads [48]

∂t PCHO =
∑
i=x,p

∂i( fiPCHO) +
∑

i, j=x,p

∂2
i j (gi jPCHO), (15a)

fx = − p

m
, fp = mω2(x − xc) + γ p, (15b)

gpp = γ kBT, gxx = gxp = gpx = 0. (15c)

To make the extremum points of the steady-state probability
distribution explicit, let us for the moment assume that xc is
constant so that the probability distribution of the quantum
particle’s positions is centered at xc in the steady state. For
fixed xc, Eq. (13) has the stationary solution

W (x, p)=N exp

[
−tanh

(
h̄ω

2kBT

)(
mω(x − xc)2

h̄
+ p2

mh̄ω

)]
.

(16)

The steady-state Wigner function, shown in Fig. 2, in this
case has the extremum of the distribution at x = xc and
p = 0 for both weak [Fig. 2(a)] and strong [Fig. 2(b)] dissi-
pation strengths. Note that in our numerical studies xc = xc(t )
evolves with time; consequently, the particle is constantly
driven away from the instantaneous trap center and is exposed
to the colored noise mediated by the trap’s motion.

Although the Lindblad master equation with dissipator (7)
correctly reproduces active motion even under strong dissipa-
tion, it does not display classical active motion in the classical
limit. In fact, the structure of (13) is different from that of (15)
in the limit h̄ → 0, specifically in the force fields fi.

2. Agarwal dissipator

As an alternative to Lindblad dynamics, we consider what
we refer to as the “Agarwal dissipator” [30,43,49,50]:

DA ≡ D[ρ̂(t )]

= − iγ

8h̄
[x̂, { p̂, ρ̂(t )}] − γ mω

4h̄

(
n̄ + 1

2

)
[x̂, [x̂, ρ̂(t )]].

(17)

This dissipator recovers the well-known Caldeira-Leggett
model in the high-temperature limit [44]. We note that dis-
sipator (17) is translationally invariant (see Appendix B).

FIG. 1. Schematic representation of a possible experiment—an
external parabolic potential (yellow) captures a quantum particle
(blue wave function). The potential moves along a trajectory xc(t )
corresponding to colored noise. Since the quantum particle is con-
stantly driven away from the instantaneous trap center, the system
never truly reaches equilibrium, and the quantum particle thereby
mimics the properties of active motion incorporated into the driving
protocol xc(t ).

The corresponding Wigner function representation reads
(see Appendix A 3 for the derivation)

∂t P =
∑
i=x,p

∂i( fiP) +
∑

i, j=x,p

∂2
i j (gi jP), (18a)

fx = − p

m
, fp = mω2(x − xc) + γ p, (18b)

gpp = h̄γ mω

8
coth

(
h̄ω

2kBT

)
, gxx = gxp = gpx = 0,

(18c)

which is analogous to the classical dissipative harmonic oscil-
lator (15), with both the force fields fi and diffusion coefficient
gi j identical between the classical and quantum cases in the
limit h̄ → 0.

The stationary solution of Eq. (18) for fixed xc is given by
Eq. (16) and therefore identical to that of the Lindblad master
equation. However, while both Fokker-Planck equations have
the same steady state for xc constant, their dynamics differ.
This leads to further discrepancies under a time-dependent
driving protocol xc(t ). In fact, in the dynamics governed by the
Lindblad master equation with dissipator (7), both the Hamil-
tonian part and the dissipator D drive the quantum particle
toward the minimum of the moving trap xc(t ). In contrast,
for the Agarwal dissipator, the dissipator D acts purely as
a source of friction, as is evident from the corresponding
Wigner function representations (13) and (18).

Thus, even though the dissipator (17) does not satisfy the
Lindblad theorem and may violate positiveness of the density
matrix for some of the stochastic trajectories (see Appendix D
for an example of such a violation), it is designed to yield
the correct thermodynamics. This makes it well suited for
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FIG. 2. Steady-state Wigner function W (x, p) for Lindblad mas-
ter equation (16). The position of the trapping potential is fixed at
xc = 3 for (a) weak dissipation and (b) strong dissipation. The am-
plitude of the Wigner function values is given by the corresponding
color representation; the graphs on the left and right correspond to the
peak of the Wigner function at the extremum in x and p, respectively.
The green dashed lines indicate the position (x = xc) of the fixed
(p = 0) harmonic potential. The thermalization rate γ = 2(ν− − ν+)
(10) is varied at fixed temperature T = h̄ω/(kB ln[ν−/ν+]) (11) with
ν−/ν+ = 100 for ν+ = 10−4 (weak) and ν+ = 10−1 (strong).

studying classical systems approaching thermodynamic equi-
librium where quantum effects become significant.

C. Numerical procedure

In order to assess quantum active behavior in our model,
we compare the numerical results for the quantum mean-
squared displacements (MSDs), defined as [5]

MSD(t ) = Tr[ρ̂(t )x̂2] − Tr[ρ̂(0)x̂2], (19)

where · · · denotes the average over prescribed trajectories
xc(t ). In (19), we first evaluate the trace of the observable, i.e.,
perform the quantum averaging for given instantaneous xc(t ),
and only afterwards average over the prescribed trajectories
xc(t ). This ordering is natural since xc(t ) is a classical vari-
able, following a classical probability distribution. Therefore,
Eq. (4) involves purely classical sampling, and the order of
averaging in Eq. (19) is irrelevant.

For numerical simulations, we use the predictor-corrector
scheme (see Appendix D for details; the full implementation
is available in Ref. [51]) and the averaging is performed over
classical trajectories. The quantum particle is initially taken
to be in the ground state ρ̂ = |0〉〈0|, where |0〉 denotes the
normalized ground state of the quantum harmonic oscillator,
corresponding to the lowest-energy eigenstate of the Hamilto-
nian. The stochastic trajectories xc are initialized at xc(0) = 0
and ẋc(0) = 0.

D. Potential experimental realization

A possible realization of the model considered here is a
quantum-mechanical particle in a trap centered at position
xc(t ). The trajectory of the center {xc(t )} can be generated by
a computer. By repeating this procedure for a set of {xc(t )},
the average value of the quantum mean-squared displacement,
explained in the following subsection, can be measured. A
sketch of such experimental realization is shown in Fig. 1. We
note that equations similar to the dissipator Eq. (7) are used
to describe the laser cooling dynamics of a particle trapped
by a harmonic oscillator, such as for instance a single trapped
ion [52]. Here, the thermalization rate and the temperature can
be varied by changing the intensity and detuning of the laser
[52–54].

III. RESULTS FOR THE MEAN-SQUARED
DISPLACEMENTS

In this section, we present the time evolution of the MSD,
Eq. (19), by comparing the predictions of both forms of
dissipators considered in this paper. We analyze different ther-
malization rates γ , which we refer to as dissipation strengths
by analogy with classical mechanics, since γ plays the role
of dissipation in the corresponding classical system (15). We
choose

√
h̄/mω and ω−1 as units of length and time, respec-

tively. In Fig. 3, we first compare the MSD of Eq. (19) of
the master equation with Lindblad dissipator (7), using the
classical MSD of the driving protocol, x2

c (t ), as a reference.
We recall that xc(t ) in Eq. (1) corresponds to a passive inertial
particle, exhibiting t3 scaling at short times before crossing
over to diffusion [55]. When xc(t ) acts as a colored-noise input
to the moving potential, it drives the particle in a way that
breaks the detailed balance, allowing us to study how quantum
dissipators influence motion that mimics active dynamics.

For weak thermalization rates, γ 
 1, the MSD initially
shows diffusive behavior, followed by a crossover to parabolic
growth and later back to linear diffusion, thereby exhibiting
properties of an active particle [11] and consistent with the
predictions for low temperatures and weak thermalization [5].
However, as γ increases, the effect of the dissipator D be-
comes more significant for γ � 1, so that the initial diffusive
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FIG. 3. MSD of a quantum-active particle for Lindblad dissipa-
tor (7) for weak, intermediate, and strong dissipation respectively.
The parameters of xc are D = 0.01, τ = 10, and the corresponding
classical MSD = x2

c (t ) of these trajectories is shown as a black line.
The thermalization rate γ = 2(ν− − ν+) (10) is varied at fixed tem-
perature T = h̄ω/(kB ln[ν−/ν+]) (11) with ν−/ν+ = 100 for ν+ =
10−4 (weak), ν+ = 10−2 (intermediate), and ν+ = 10−1 (strong).

regime is no longer observable. Nevertheless, the ballistic-to-
linear scaling of the MSD for t � τ remains evident across the
entire range of dissipation rates.

The differences between the predictions for the Lindblad
and Agarwal dissipators are visible by comparing Figs. 3
and 4 and become evident at the dissipation timescale of the

FIG. 4. MSD of a quantum-active particle with Agarwal dissipa-
tor (17) for weak, intermediate, and strong dissipation respectively.
The parameters of xc are D = 0.01, τ = 10, and the corresponding
classical MSD = x2

c (t ) of these trajectories is shown as a black line.
The thermalization rate γ = 2(ν− − ν+) (10) is varied at fixed tem-
perature T = h̄ω/(kB ln[ν−/ν+]) (11) with ν−/ν+ = 100 for ν+ =
10−4 (weak), ν+ = 10−2 (intermediate), and ν+ = 10−1 (strong).

FIG. 5. MSD of a quantum-active particle with Agarwal (17)
(red) and Lindblad (orange) dissipators (7) for strong dissipa-
tion ν+ = 10−1, ν− = 101. The stationary case, xc = 0 (dashed
lines) is compared to the dynamical one given by Eq. (1) with
D = 0.01, τ = 10, revealing identical MSD evolution for t 
 τ . The
thermalization rate is γ = 2(ν− − ν+) (10), and the temperature is
T = h̄ω/(kB ln[ν−/ν+]) (11).

classical particle τ . At long timescales, t � τ , similar to the
Lindblad dissipator, the dynamics of quantum particles also
follows that of the center of the trapping potential and exhibits
the features of the active motion across all dissipation rates.
However, the different nature of the considered dissipators
leads to distinct MSD regimes at short timescales, t 
 τ .
In the Lindblad case, quantum fluctuations induced by the
dissipator—generated by the creation and annihilation oper-
ators of the Lindblad dissipator—produce a diffusive regime
(Fig. 3). By contrast, this short-time diffusive regime is ab-
sent for the Agarwal dissipator (Fig. 4): the quantum particle
simply follows the stochastic trajectory xc(t ) with an inertial
delay and has the same t3 scaling as the driving protocol. In
Fig. 5, we demonstrate that these distinctions do not depend
on the nature of the driving protocol xc(t ) and are due to
initial wave-packet broadening arising from the dissipator.
The demonstrated results are robust to moderate changes of D
and τ in the active protocol. A detailed analysis is presented
in Ref. [56].

IV. CONCLUSIONS AND OUTLOOK

In this work, we studied how different types of quantum
dissipators influence the emergence of activelike dynamics of
a quantum particle, aiming to understand how the environment
affects the characteristics of motion reminiscent of classical
active matter. We have compared the dynamics predicted by
two forms of time-local master equations and explored the
interplay between dissipation strength, external driving, and
quantum effects on determining the mean-squared deviation.
The dissipators individually satisfy different requirements:
either positivity or the correct thermodynamic properties. We
find that the quantum particle exhibits typical behaviors of
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active particles, namely ballistic motion at intermediate times
(MSD ∝ t2) and active diffusion at late times (MSD ∝ t).
Importantly, after averaging over many realizations of the ac-
tuating potential, the system is isotropic, such that the external
field does not break the symmetry of the system, which is
typical for active matter systems [8]. Beyond that, the short-
time dynamics is governed by quantum effects and depends,
in particular, on the chosen form of the dissipator.

Our findings could be experimentally tested in cold-atom
systems, in particular in moving optical traps with controlled
fluctuations of the laser intensity [57]. From a theoretical
perspective, developing strategies for controlling quantum
particles in stochastic [58] and dissipative [45] environments
will be crucial for bridging the gap between abstract models
and experimentally accessible setups [59].
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APPENDIX A: WIGNER-WEYL TRANSFORM

Here, we show how to compute the Wigner-Weyl trans-
forms used in the main text of this manuscript. For a
pedagogical introduction to the Wigner-Weyl transform, we
refer the reader to Refs. [47,60].

1. Lindblad dissipator

We consider here the creation-annihilation operators in the
form

ˆ̃a(t ) =
√

mω

2h̄

(
x̂ − δx̂c(t ) + i

mω
p̂

)
, (A1a)

ˆ̃a†(t ) =
√

mω

2h̄

(
x̂ − δx̂c(t ) − i

mω
p̂

)
. (A1b)

Here, we introduced a parameter δ in order to cover both the scenario studied in the main text [δ = 1; see Eq. (6)] and the
scenario studied in Ref. [5] (δ = 0; see Appendix A 2 for a discussion of how these forms are related).

For the Hamiltonian part, the Wigner-Weyl transform is well known [61]. Here we first show the full expression with the
Moyal product; since we are dealing only with harmonic oscillators, higher-order corrections vanish and can be neglected:

(∂tρ)W ≡ ∂tW (x, p, t ), − i

h̄
([Ĥ (t ), ρ])W = H 
 W − W 
 H = ∂xH∂pW − ∂pH∂xW + O(h̄2), (A2a)

where 
 is the Moyal product defined as

A 
 B ≡ AW exp

[
ih̄

2
(
←−
∂x

−→
∂p − ←−

∂p
−→
∂x )

]
BW , (A3)

or equivalently, expanded in powers of h̄,

A 
 B = AW BW + ih̄

2
{AW , BW } − h̄2

8

(
∂2

x AW ∂2
pBW − 2∂2

xpAW ∂2
xpBW + ∂2

pAW ∂2
x BW

) + · · · , (A4)

where { f , g} = ∂x f ∂pg − ∂px∂xg are the Poisson brackets related to the Moyal product as

1

ih̄
( f 
 g − g 
 f ) = { f , g} + O(h̄2). (A5)

Here and in Eq. (A2), all corrections of order O(h̄2) are equal to zero for the harmonic potential considered.
For the Lindblad dissipator,

(Âρ̂B̂)W = (AW 
 W ) 
 BW (A6)

= AW W BW + ih̄

2
[{AW W, BW } + {AW ,W }BW ] − h̄2

4
{{AW ,W }, BW } + O(h̄3). (A7)
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Given that operators Â, B̂ in the dissipator D are linear in x, p, Eq. (A7) reduces to(
Âρ̂B̂

)
W = AW W BW + ih̄

2
[(∂xAW ∂pBW − ∂pAW ∂xBW )W + AW (∂xW ∂pBW − ∂pW ∂xBW ) + BW (∂xAW ∂pW − ∂pAW ∂xW )]

− h̄2

4

[
∂2

xpW (∂xAW ∂pBW + ∂pAW ∂xBW ) − ∂pBW ∂pAW ∂2
x W − ∂xAW ∂xBW ∂2

pW
]
. (A8)

Thus, the triple products relevant in our case are

( ˆ̃a†ρ̂ ˆ̃a)W = |ã|2W + ih̄

2
{[αβ − (−β )α]W + ã†(∂xW β − ∂pW α) + ã[α∂pW − (−β )∂xW ]}

− h̄2

4

[
∂2

xpW (αβ − βα) + β2∂2
x W − α2∂2

pW
]

= |ã|2W − 1

2
[W + p∂pW + (x − δxc)∂xW ] + mωh̄

8
∂2

x W + h̄

8mω
∂2

pW, (A9)

( ˆ̃aρ̂ ˆ̃a†)W = |ã|2W + ih̄

2

[
(−αβ − βα)W + ã(−∂xW β − ∂pW α) + ã†(α∂pW − β∂xW )

]
− h̄2

4

[
∂2

xpW (−αβ + βα) + β2∂2
x W − α2B∂2

pW
]

= |ã|2W + 1

2
[W + p∂pW + (x − δxc)∂xW ] + mωh̄

8
∂2

x W + h̄

8mω
∂2

pW, (A10)

where we introduced α = √
mω/2h̄, β = i/

√
2mωh̄.

For the anticommutators, we obtain

1

2
{ ˆ̃a ˆ̃a†, ρ̂} =

(
|ã|2 + ih̄

2
(∂xã∂pã† − ∂pã∂xã†)

)
W − h̄2

8

(
∂2

x |ã|2∂2
pW − ∂2

p|ã|2∂2
x W

)

=
(

|ã|2 + 1

2

)
W − h̄2

4

(
α2∂2

pW − β2∂2
x W

)
, (A11)

1

2
{ ˆ̃a† ˆ̃a, ρ̂} =

(
|ã|2 + ih̄

2
(∂xã†∂pã − ∂pã†∂xã)

)
W − h̄2

8

(
∂2

x |ã|2∂2
pW − ∂2

p|ã|2∂2
x W

)

=
(

|ã|2 − 1

2

)
W − h̄2

4

(
α2∂2

pW − β2∂2
x W

)
. (A12)

Finally, we arrive at

(D)W = ν+

(
−1

2
[2W + p∂pW + (x − δxc)∂xW ] + mωh̄

4
∂2

x W + h̄

4mω
∂2

pW

)

+ ν−

(
1

2
[2W + p∂pW + (x − δxc)∂xW ] + h̄

4mω
∂2

x W + mωh̄

4
∂2

pW

)
. (A13)

The resulting Fokker-Planck equation, obtained by combining (A2) with (A13), is given by

∂tW =
∑
i=x,p

∂i( fiW ) +
∑

i, j=x,p

∂2
i j (gi jW ), (A14a)

fx = − p

m
+ γ

4
(x − δxc), fp = mω2(x − xc) + γ

4
p, (A14b)

gxx = h̄γ

8mω
coth

(
h̄ω

2kBT

)
, gpp = h̄γ mω

8
coth

(
h̄ω

2kBT

)
, gxp = gpx = 0. (A14c)

Here, we have used the following relations:

ν− = γ

2
(n̄ + 1), ν+ = γ

2
n̄, (A15)

ν− − ν+ = γ

2
,

ν−
ν+

= 1 + n̄−1 = exp

(
h̄ω

kBT

)
, (A16)

ν− + ν+ = γ

(
n̄ + 1

2

)
= γ

2
coth

(
h̄ω

2kBT

)
. (A17)
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2. Role of the Lindblad dissipator form

For the Lindblad dissipator, Ref. [5] has used instead of
Eq. (13) the alternative form

DSL = D[ρ̂(t )] = γ

2
n̄

(
â†ρ̂(t )â − 1

2
{ââ†, ρ̂(t )}

)

+ γ

2
(n̄ + 1)

(
âρ̂(t )â† − 1

2
{â†â, ρ̂(t )}

)
(A18)

with the static ladder operators

â =
√

mω

2h̄

(
x̂ + i

mω
p̂

)
, (A19a)

â† =
√

mω

2h̄

(
x̂ − i

mω
p̂

)
. (A19b)

This variant is appropriate for the case of small damping,
which was the focus of interest in Ref. [5]. Here, we discuss
why for the case of stronger damping one should use the
form (13), which can be derived from (A18) by applying a
translation operator (see Appendix B).

The Fokker-Planck equation for the Wigner function cor-
responding to the dissipator (A18) reads

∂tW =
∑
i=x,p

∂i( fiW ) +
∑

i, j=x,p

∂2
i j (gi jW ), (A20a)

fx = − p

m
+ γ

4
x, fp = mω2(x − xc) + γ

4
p, (A20b)

gxx = h̄γ

8mω
coth

(
h̄ω

2kBT

)
, gpp = h̄γ mω

8
coth

(
h̄ω

2kBT

)
,

gxp = gpx = 0. (A20c)

For fixed xc, the steady state of Eq. (A20) reads

W (x, p) = N exp

[
−1

2
(q − q0)M(q − q0)

]
, (A21)

where

M =
(

mω2/T̃ 0

0 1/mT̃

)
, q =

(
x
p

)
,

q0 =
(

x0

p0

)
=

(
16ω2xc/(γ 2 + 16ω2)

4γ mω2xc/(γ 2 + 16ω2)

)
(A22)

with T̃ ≡ h̄ω
2 coth h̄ω

2kBT and N = T̃ /(2πω). It is evident that
the extremum of the position distribution x = x0 depends on
dissipation strength γ . For weak damping γ → 0, it is at
x0 → xc, while for strong damping γ → ∞, x0 → 0. For the
steady-state Wigner function W (x, p) shown in Fig. 6 we
indeed observe that the expected behavior near the shifted
trap center x = xc is reproduced in the weak-damping limit
[Fig. 6(a)], while driving the quantum particle close to the
original position x = 0 in the strong-damping limit [Fig. 6(b)].
Moreover, except for the weak-damping limit γ → 0, the
steady-state momentum p0 remains finite, which highlights
the unphysical nature of the model with δ = 0. In this case,
the ladder operators (A19) depend on position x instead of the

FIG. 6. Steady-state Wigner function W (x, p) for “static” Lind-
blad dissipator (A21). The position of the trapping potential is fixed
at xc = 3 for (a) weak dissipation and (b) strong dissipation. The am-
plitude of the Wigner function values is given by the corresponding
color representation; the graphs on the left and right correspond to the
peak of the Wigner function at the extremum in x and p, respectively.
The green dashed lines indicate the position (x = xc) of the fixed
(p = 0) harmonic potential. The thermalization rate γ = 2(ν− − ν+)
(10) is varied at fixed temperature T = h̄ω/(kB ln[ν−/ν+]) (11) with
ν−/ν+ = 100 for ν+ = 10−4 (weak) and ν+ = 10−1 (strong).

actual position of the harmonic oscillator x − xc, which is cor-
rectly implemented by setting δ = 1 in the main text [Eq. (6)].
The inconsistency of the “static” dissipator DSL (A18) is also
evident in the mean-square displacements shown in Fig. 7:
for strong dissipation, the center of the particle distribution no
longer follows the potential minimum and ceases to exhibit
features of activity. By contrast, for the Lindblad dissipator
DL discussed in the main text [δ = 1, Eq. (7)], the steady-state
momentum vanishes, p0 = 0, and the activelike behavior is
preserved across all dissipation strengths (Fig. 3).
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FIG. 7. MSD of a quantum-active particle with “static” Lindblad
dissipator Eq. (A18) for weak, intermediate, and strong dissipation
respectively. The parameters of xc are D = 0.01, τ = 10, and the
corresponding classical MSD = x2

c (t ) of these trajectories is shown
as a black line. The thermalization rate γ = 2(ν− − ν+) (10) is varied
at fixed temperature T = h̄ω/(kB ln[ν−/ν+]) (11) with ν−/ν+ = 100
for ν+ = 10−4 (weak), ν+ = 10−2 (intermediate), and ν+ = 10−1

(strong).

3. Agarwal dissipator

The Wigner-Weyl transform for the Agarwal dissipator is
performed analogously by using manipulations performed in
Eqs. (A7) and (A8):

(x̂ p̂ρ̂ )W = xpW + ih̄

2
(W + p∂pW − x∂xW ), (A23)

(x̂ρ̂ p̂)W = xpW + ih̄

2
(W + p∂pW + x∂xW ) − h̄2

4
∂2

xpW,

(A24)

( p̂ρ̂x̂)W = xpW − ih̄

2
(W + p∂pW + x∂xW ) − h̄2

4
∂2

xpW,

(A25)

(ρ̂ p̂x̂)W = xpW + ih̄

2
(W − p∂pW + x∂xW ), (A26)

(x̂x̂ρ̂ )W = x2W + ih̄(x∂pW ), (A27)

(ρ̂x̂x̂)W = x2W − ih̄(x∂pW ), (A28)

(x̂ρ̂x̂)W = x2W + h̄2

4
∂2

pW, (A29)

DA = − iγ

8h̄
(x̂ p̂ρ̂ + x̂ρ̂ p̂ − p̂ρ̂x̂ − ρ̂ p̂x̂)

−γ mω

4h̄

(
n̄ + 1

2

)
(x̂x̂ρ̂ − 2x̂ρ̂x̂ + ρ̂x̂x̂)

= h̄γ

4
(W + p∂pW ) + h̄γ mω

8
coth

(
h̄ω

2kBT

)
∂2

pW. (A30)

Combining (A2) with (A30) yields (18).

APPENDIX B: TRANSLATION OF THE
QUANTUM DISSIPATORS

Here, we show how one can obtain the general Lindblad
dissipator (13) by applying the translation generator T̂ (xc) to
(A18). Physically, this corresponds to taking into account the
trap motion when modeling the bath dynamics. This is (also
for readers from classical active soft matter physics) worth
discussing here explicitly because it marks a contrast to the
case of classical baths, which tend to have an Agarwal-like
structure and thus do not require one to take translations into
account for bath models in this way.

We consider the evolution equation (5) with the static
Lindblad dissipator (A18) translated by xc, i.e., we apply the
translation generator T̂ (xc),

T̂ (xc) = e−ixc p̂/h̄, (B1)

to the Hamiltonian

Ĥ0 ≡ p̂2

2m
+ 1

2
mω2x̂2, (B2)

and the dissipator DSL. In other words, a state vector is re-
defined (|ψ〉 = T̂ |ψ〉 and ρ̂ = T̂ ρ̂T̂ †), and all operators are
transformed as T̂ b̂T̂ †.

For the Lindblad dissipator (A18),

DSL = ν−
[
âρ̂(t )â† − 1

2 {â†â, ρ̂(t )}]
+ ν+

[
â†ρ(t )â − 1

2 {ââ†, ρ̂(t )}], (B3)

the creation and annihilation operators are transformed as

ˆ̃a(t ) ≡ T̂ [xc(t )]âT̂ †[xc(t )]

= e−i xc (t ) p̂
h̄

√
mω

2h̄

(
x̂ + i

mω
p̂

)
ei xc (t ) p̂

h̄

=
√

mω

2h̄

(
x̂ − xc(t ) + i

mω
p̂

)

= â −
√

mω

2h̄
xc(t ), (B4)

and the Hamiltonian part takes the form introduced in Eq. (2)
of the main text:

Ĥ (t ) = T̂ [xc(t )]Ĥ0T̂ †[xc(t )]

= p̂2

2m
+ 1

2
mω2[x̂ − xc(t )]2. (B5)

Here, we used Campbell’s identity:

esα̂ β̂e−sα̂ = β̂ + s[α̂, β̂], (B6)

when [α̂, β̂] is a c number, and s ∈ R is a real number.
Then, the quantum Lindblad master equation is written as

˙̂ρ(t ) = − i

h̄
[Ĥ (t ), ρ̂(t )]

+ ν−

[
ˆ̃a(t ) ρ̂(t ) ˆ̃a†(t ) − 1

2

{
ˆ̃a†(t ) ˆ̃a(t ), ρ̂(t )

}]

+ ν+

[
ˆ̃a†(t ) ρ̂(t ) ˆ̃a(t ) − 1

2

{
ˆ̃a(t ) ˆ̃a†(t ), ρ̂(t )

}]

= − i

h̄
[Ĥ (t ), ρ̂(t )] + DL. (B7)
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We note that the Hamiltonian in terms of ˆ̃a reads

Ĥ (t ) = h̄ω
[
ˆ̃a† ˆ̃a + 1

2

]
, (B8)

which clarifies the role of Lindblad terms in Eq. (B7) as exci-
tations and deexcitations of the quantum harmonic oscillator
centered at xc(t ).

For the Agarwal dissipator DA (17), we have

T̂ (xc)[x̂, { p̂, ρ̂}]T̂ †(xc) = [x̂ − xc, { p̂, ρ̂}]
= [x̂, { p̂, ρ̂}] − [xc, { p̂, ρ̂}] = [x̂, { p̂, ρ̂}], (B9)

where the commutator [xc, ·] = 0 vanishes since xc is a c
number. Analogously for the second term of the dissipator,

T̂ (xc)[x̂, [x̂, ρ̂]]T̂ †(xc) = [x̂ − xc, [x̂ − xc, ρ̂]]

= [x̂ − xc, [x̂, ρ̂]] = [x̂, [x̂, ρ̂]], (B10)

all terms containing xc are commutators with a c number,
which therefore vanish. Thus, the Agarwal dissipator pre-
serves its form under T̂ (xc); hence, in contrast with the
Lindblad dissipator, adjustment to the actual position xc of the
harmonic oscillator is not required.

APPENDIX C: DIFFERENTIABILITY
OF THE DRIVING PROTOCOL

Consider the von Neumann equation for the density
matrix ρ:

∂t ρ̂ = 1

ih̄
[Ĥ, ρ̂]. (C1)

We perform a change of reference frame defined by the
unitary translation operator T̂ (xc) (B1):

ρ̂ = T̂ (xc)�̂T̂ †(xc), (C2)

where �̂ is the density matrix in the new reference frame.
Substituting this into the von Neumann equation yields

∂t �̂ = 1

ih̄
[Ĥ ′, �̂], (C3)

with the transformed Hamiltonian

Ĥ ′ = Ĥ − ih̄T̂ †(xc)∂t T̂ (xc). (C4)

For the translation operator, the derivative can be computed
explicitly as

∂t T̂ (xc) = − i

h̄
(∂t xc) p̂T̂ (xc), (C5)

so that the transformed Hamiltonian becomes

Ĥ ′ = Ĥ + (∂t xc) p̂, (C6)

requiring differentiability of the driving protocol xc.

APPENDIX D: DETAILS OF THE
NUMERICAL PROCEDURE

For a given trajectory, xc(t ) dictates the position of the min-
imum of a confining harmonic potential. After each δt = 10−3

a prediction for ρ̂(t + δt ) is first calculated:

ρ̂pred(t + δt ) = ρ̂(t ) − i

h̄
[Ĥ[xc(t )], ρ̂(t )]δt + D(ρ̂)δt . (D1)

Subsequently, this prediction ρ̂pred is combined with ρ̂(t ) in
the corrector step:

ρ̂m = 1
2 [ρ̂(t ) + ρ̂pred(t + δt )], (D2)

ρ̂(t + δt ) = ρ̂(t ) − i

h̄
[Ĥ[xc(t )], ρ̂m(t )]δt + D(ρ̂m)δt . (D3)

To obtain the MSD at t along a single given trajectory xc(t ),
we calculate

MSD[xc] = Tr[ρ̂(t )x̂2] − Tr(ρ̂t=0x̂2) (D4)

which is then subsequently averaged over 200 stochastic tra-
jectories, which has been demonstrated to be sufficient in
Ref. [5]. The stochastic trajectories are calculated using the
Euler-Maruyama scheme:

ẋc(t + δt ) = ẋc(t )

(
1 − δt

τ

)
+

√
2Dδt

τ
N (t ), (D5a)

xc(t + δt ) = xc(t ) + δt ẋc(t + δt ), (D5b)

where N is a random Gaussian-distributed number. In nu-
merical simulations, the density matrix is expressed in the
Fock basis {|n〉}N−1

n=0 , where N is the Hilbert-space truncation
level:

ρ̂ =
N−1∑

m,n=0

ρmn|m〉〈n|. (D6)

In our simulations, we take N = 24 to balance computational
cost and accuracy. In Fig. 8, we check that further increasing
the number of stochastic trajectories (ensemble size) or Fock
basis does not affect the results. Yet, the Fock truncation may
lead to violation of positiveness of the density matrix for the
Agarwal dissipator, as will be shown below.

To diagnose the physicality of the density matrix, we check
the following parameters: (i) maximum deviation of Tr(ρ̂)
from one in a sample of trajectories maxtraj{|1 − Tr(ρ̂)|}, (ii)
minimum eigenvalue λ0 of density matrix ρ̂ in a sample
of trajectories (or alternatively, maxtraj{−λ0}), and (iii) the
average purity of the density matrix Tr(ρ̂2) as a physical
parameter. For the Lindblad dissipator in Fig. 9(a), deviations
of Tr(ρ̂) from unity remain very small and converge to a
stable plateau at late times, with no evidence of systematic
drift or loss of numerical stability. The eigenvalues λ0 are
negative only within numerical errors; hence, the dynamics
preserve the physicality of the density matrix. This behavior
is not observed for the Agarwal dissipator with the same Fock
truncation N = 24, since the eigenvalues for some stochastic
realizations quickly become negative, and trace preservation
starts to break down near t = 200. This nonphysicality is
also reflected in the density-matrix purity for the Agarwal
dissipator in Fig. 9(d), where it becomes larger than 1, indi-
cating the loss of physicality in the system. The appearance
of negative eigenvalues is a consequence of the truncation of
the Fock basis; the behavior becomes increasingly consistent
as the truncation is increased, up to N = 100 [Fig. 9(b)], so
it is reasonable to expect that no positivity violation would
be observed in the ideal case of an infinite Fock basis. At the
same time, it is clear that under identical numerical conditions
with a finite Fock truncation, the master equation with the
Agarwal dissipator is generally less stable than its Lindblad
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FIG. 8. MSD of a quantum-active particle with (a) Lindblad (7) and (b) Agarwal (17) dissipators for strong dissipation ν+ = 10−1,

ν− = 101 for various numbers of stochastic trajectories and Fock truncation. The thermalization rate is γ = 2(ν− − ν+) (10), and the
temperature is T = h̄ω/(kB ln[ν−/ν+]) (11).

FIG. 9. (a) Maximum deviation of Tr(ρ̂ ) from one in a sample of 200 trajectories max
traj

{|1 − Tr(ρ̂)|} (dashed line) and minimum eigenvalue

λ0 of density matrix ρ̂ in a sample of trajectories max
traj

{−λ0} (solid line) for the Lindblad dissipator (7), with N = 24. (b) Same for the Agarwal

dissipator (17) with N = 24 (thick black lines), N = 50 (medium green lines), and N = 100 (thin blue lines). (c) Purity of the density matrix
Tr(ρ̂2) averaged over 200 stochastic trajectories for the Lindblad dissipator (7), with N = 24 (dashed black line) and N = 100 (solid blue line).
(d) Same for the Agarwal dissipator (17). The dissipation is strong with ν+ = 101, ν− = 10−1, the thermalization rate is γ = 2(ν− − ν+) (10),
and the temperature is T = h̄ω/(kB ln[ν−/ν+]) (11).
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counterpart. From a physical perspective, for N = 100 both
the Lindblad and Agarwal dissipators exhibit consistent be-
havior: the density-matrix purity Tr(ρ̂2) starts at unity (pure

quantum ground state) and quickly approaches Tr(ρ̂2) ≈ 0.98
at later times, revealing that the system remains close to a pure
quantum state.
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