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ABSTRACT
We study a two-dimensional crystal composed of active units governed by self-alignment. This mechanism induces a torque that aligns 

a particle’s orientation with its velocity and leads to a phase transition from a disordered to a flocking crystal. Here, we provide the first 

microscopic theory that analytically maps the crystal dynamics onto a Landau–Ginzburg model, in which the velocity-dependent effective 

free energy undergoes a transition from a single-well shape to a Mexican-hat profile. As confirmed by simulations, our theory quantita-
tively predicts the transition point and characteristic spatial velocity correlations. The continuous variation of the order parameter and the 

divergence of the analytically predicted correlation length imply that flocking in self-aligning active crystals corresponds to a continuous 

phase transition of the Berezinskii–Kosterlitz–Thouless type in two dimensions and to a second-order phase transition in three dimen-
sions. These findings provide a theoretical foundation for the flocking phenomenon observed experimentally in active granular particles and 

migrating cells.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0332477

INTRODUCTION

Living systems across all length scales 

1,2 display self-
organization and collective phenomena, ranging from the 

flocking of animals to the swarming of bacteria 

3 and the collective 

migration of cells. 

4 Their natural behaviors have inspired the design 

of synthetic active matter units, 

5 such as Quincke rollers 

6,7 or 

active robots. 

8–10 These systems often exhibit swarming or flocking 

phenomena 

11–15 and have the potential to inspire innovative 

technologies. 

16

Over the last two decades, these perspectives have posed the-
oretical challenges in identifying the minimal ingredients required 

to reproduce these collective behaviors and in developing predic-
tive theories. The observed collective movement is often modeled 

through explicit alignment interactions that couple the velocities of 

different particles. 

17–23 This approach is inspired by the Ising and XY 

models, 

24 originally introduced to describe the phase transition from 

paramagnetic to ferromagnetic materials. These velocity-aligning 

interactions have successfully described flocking in animals such

as birds 

25 and insects, 

26 interpreting this phenomenon as a phase 

transition. In Vicsek-like models, flocking is explained through 

several theoretical approaches, ranging from Enskog-type kinetic 

theories 

27–29 to hydrodynamic descriptions. 

30–34

In contrast to animals, active systems such as migrating cells 

and swarming robots are described by alternative aligning mecha-
nisms. These systems are typically polar and are often characterized 

by a coupling between translational and rotational motion, com-
monly referred to as self-alignment. 

35 This mechanism acts at the 

level of individual particles as an internal torque that tends to align 

the particle’s orientation with its velocity. This torque differs from 

the one displayed in Vicsek-like models, 

36–39 which, instead, cou-
ples the orientations of different particles. After being proposed 

to describe cells 

40 and epithelial tissues, 

41–44 self-alignment has 

been identified as the key mechanism governing the dynamics of 

polar active granular particles 

45–47 self-propelling due to an inter-
nal motor 

48–52 or a vibrating plate. 

53–59 In these cases, self-alignment 

arises from a misalignment between the geometric center and the 

center of mass of the particle, generating a torque that aligns the
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FIG. 1. Phase transition from a disordered to a flocking state in a self-aligning 

active crystal. Illustrations showing the disordered phase (a) and the flocking 

phase (b), where particle velocities are indicated by black arrows. (c) and (d) 

Corresponding Landau–Ginzburg velocity-free-energy profiles, transitioning from 

a single-well to a Mexican-hat-like profile.

particle’s orientation with its velocity.
Self-alignment has been identified as the key mechanism induc-

ing the flocking transition in polar granular systems, 

60,61 as exper-
imentally and numerically explored. At higher densities, such as 

self-aligning active liquids, 

60,62–65 glasses, 

66 and crystals, 

67–70 the sys-
tem undergoes a transition from a homogeneous disordered state 

to a homogeneous flocking one. These flocking phases emerge when 

the strength of the self-aligning torque dominates over the disruptive 

effects of translational and rotational noise.
However, despite systematic numerical investigations and 

its demonstrated relevance in experiments, a microscopic the-
ory that fully captures the spontaneous collective motion induced 

by self-alignment is still lacking. Consequently, fundamental 

questions—such as whether the self-alignment-induced flocking 

transition is of first or second order—remain open.
We fill this gap by introducing, to the best of our knowl-

edge, the first microscopic theory describing the flocking transition 

in dense self-aligning active matter. We map the dynamics of a 

self-aligning active crystal onto a Landau–Ginzburg model with a 

velocity-dependent free energy, which undergoes a phase transi-
tion from a single-well potential [Fig. 1(a)] corresponding to the 

disordered phase [Fig. 1(c)] to a Mexican-hat profile [Fig. 1(d)] 

corresponding to the flocking phase [Fig. 1(b)]. Consistently with 

our theory, the transition is of the Berezinskii–Kosterlitz–Thouless 

(BKT) type in two dimensions, while it is second order in three 

dimensions. The theory yields an exact prediction for the transi-
tion point as a function of self-alignment strength and persistence 

length and accurately captures both the spatial structure of velocity 

correlations and the associated correlation length.

RESULTS
Model for a self-aligning active crystal

We consider a two-dimensional system of N interacting active 

Brownian particles subject to a self-alignment mechanism. “Active” 

means that each particle moves persistently with a velocity aligned

with its orientation, while “self-alignment” implies that this orien-
tation tends to align with the particle’s velocity due to a torque. 

Motivated by granular experiments, the particles can be described by 

inertial translational dynamics and overdamped rotational dynam-
ics. The equations of motion for a particle with position x i 

, velocity 

v i 
= ˙ xi 

, and orientational angle θ are given by

mv̇i = −γvi + γv0n̂i + Fi + γ
√

2Dt ξi, (1a)

γr θ̇i = Tsa
i ⋅ êz + γr

√
2Drηi. (1b)

The terms γ and γ r 

denote the translational and rotational 

friction coefficients, respectively, while D t 
and D r 

are the cor-
responding diffusion coefficients. The variables ξ i 

and η i 

repre-
sent the independent Gaussian white noises with zero mean and 

unit variance. Each particle, of mass m, is propelled at constant 

speed v 0 
along the direction ˆ ni 

= (cos θ i 
, sin θ i 

), described by the 

orientational angle θ i 
. This is subject to a deterministic torque

Tsa
i = β (ˆ ni 

× v i 
), which aligns n i 

to v i 
. The strength of the self-

alignment is controlled by the parameter β, which sets the typical 

distance γ r 

/β traveled by an active particle before its orientation 

aligns with its velocity. Finally, the force F i 
models the pure repulsive 

interactions between the particles and is derived from a repul-
sive Weeks–Chandler–Andersen potential, F i 

= −∇ i 
U tot 

, with U tot 
=

∑ i<j 

U(∣r i 
− r j 
∣) and U(r) = 4ϵ[(σ/r) 

12 

− (σ/r) 

6 

] + ϵ for r < σ2 

1/6 ,
and U(r) = 0 for r ≥ σ2 

1/6 . Here, ϵ sets the energy scale and σ repre-
sents the particle diameter. In our simulations, we set D t 

= 0, since in 

active matter this term is typically lower than the effective diffusion 

induced by activity.
Self-alignment introduces an additional typical time, γ r 

/(βv 0 

), 

i.e., the time needed by the orientation to align with the veloc-
ity. This time competes with the other typical times governing 

the dynamics, i.e., the particle persistence time, τ = 1/D r 
, and the 

translational inertial time, τ d 

= m/γ. Simulations are performed by 

rescaling lengths by the particle diameter σ and time by τ. In this 

way, the dynamics are governed by several dimensionless para-
meters: the Péclet number Pe = v 0 

/(D r 
σ), which quantifies the 

persistence length of the particle compared to its size; the reduced 

self-alignment strength B = βσ/γ r 

, which compares the self-aligning 

length with the particle size; the reduced interaction strength, given
by 

√ 

ϵ/m/(D r 
σ); and, finally, the reduced mass M = D r 

m/γ, set-
ting the relevance of inertia. We choose M = 10 

−3 to effectively 

consider an almost overdamped limit so that inertia plays a negli-
gible role. With this choice, we can avoid considering displacement 

vectors as velocities, since the vectors v i 
are well-defined in the 

dynamics (1).
We focus on an active crystal composed of self-aligning active 

Brownian particles. Simulations of Eq. (1b) are performed in a two-
dimensional square box of size L with periodic boundary conditions. 

A homogeneous crystalline configuration is obtained by setting a 

high packing fraction, Φ = Nσ 

2 π/(4L 

2 

) = 1.1, which is consistent 

with a two-dimensional solid exhibiting almost perfect hexagonal 

order when L is sufficiently large. As known in previous studies, 

66 

when the self-alignment strength β/γ r 

is sufficiently large com-
pared to the particle persistence length v 0 

/D r 
[Fig. 2(a)], the system 

shows a transition from a disordered [Fig. 2(b)] to a flocking phase 

[Fig. 2(d)], passing through the transition point [Fig. 2(c)]. The
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FIG. 2. Disordered-flocking phase diagram. (a) Phase diagram in the plane of 

the Péclet number Pe = v 0 

/(D r 
σ) and the reduced self-alignment strength B

= βσ/γ r 

, showing disordered (green) and flocking (blue) crystals. (b)–(d) Rect-
angular zooms (25σ × 6σ) of simulation snapshots corresponding to the three 

stars in the phase diagram. Particles’ colors indicate the orientation of the par-
ticle. The black line marks the transition at B → B c 

= Pe 

−1 (β c 
/γ r 
= 1/(v 0 

τ)), 

corresponding to the theoretical prediction (5), while the gray shaded area denotes 

the region where finite-size effects of the simulation hinder a clear identification of 

the system’s phase. (e) Average polarization ⟨S⟩ and (f) average squared veloc-
ity ⟨v 

2 ⟩ as functions of B for different Péclet numbers, in correspondence with 

the dashed rectangles in (a). The dashed black line in (e) marks 0.5, chosen 

as an indication for the transition from a disordered state (⟨S⟩ ∼ 0) to a flock-
ing state (⟨S⟩ ∼ 1). Colored lines in (e) are obtained by plotting the theoretical 

prediction (6) with an additive constant accounting for finite size effects visible 

in the disordered phase. Colored, solid lines in (f) are guides for the eyes, while 

colored, dashed horizontal lines in (f) are drawn in correspondence with the free-
particle speed—this is not reached for Pe = 1. Numerical errors in (e) and (f) are 

smaller than the point size. The remaining dimensionless parameters of the simu-
lations are M = 10 

−4 , 

√ 

ϵ/m/(D r 
σ) = 10 

2 , and Φ = Nπσ 

2 /4L 

2 = 1.1. The total 

simulation box is L × L, where L = 125σ.

flocking transition is identified by monitoring the velocity polar-
ization ⟨S⟩ = 1/N⟨∣∑ i 

v i 
/∣v i 
∣∣⟩ [Fig. 2(e)] and the average squared 

velocity ⟨v 

2 

⟩ [Fig. 2(f)], as a function of the reduced self-alignment 

strength B. In a flocking configuration, ⟨S⟩ is close to the unit while
⟨v 

2 

⟩ approaches the single-particle velocity v 0 
. By contrast, in the

disordered phase, ⟨S⟩ ≪ 1 while ⟨v 

2 

⟩ ≪ v2
0 . The flocking phase is

also evidenced by the uniform color, indicating aligned particle ori-
entations [Fig. 2(d)], whereas the disordered phase exhibits random 

orientations [Fig. 2(b)], a feature that persists at the critical point 

[Fig. 2(c)]. Indeed, for a quantitative characterization, we use the 

polarization to identify the flocking phase and its sharp transition, 

with ⟨S⟩ > 0.5. Finally, we remark that the translational noise sim-
ply enhances random fluctuations. Therefore, when this term is 

larger than the self-propulsion force, thermal noise can suppress

the flocking transition. Our choice of D t 
= 0 helps us to highlight 

self-alignment-induced collective effects.

Theoretical mapping to a Landau–Ginzburg model

In this section, we report the main result of this paper: we 

derive a microscopic theory that predicts flocking in self-aligning 

active crystals. The theory analytically maps the dynamics (1) 

to a Landau–Ginzburg model, which allows us to conclude that 

the observed flocking phenomenon can be interpreted as a BKT 

transition in two dimensions, while it is second order in three 

dimensions.
By applying the time-derivative to the dynamics (1a) and elim-

inating ˙ ni 
using Eq. (1b), we can obtain an effective evolution 

equation for the particle velocity (see the section titled Methods), 

which is exact for m/(γτ) → 0, i.e., the regime numerically evalu-
ated. This theoretical mapping has already been applied in active 

systems without self-alignment, 

71,72 for instance, to predict the wall 

accumulation typical of active Brownian particles. 

73,74 In a crys-
tal, we adopt the lattice approximation by assuming that particles 

occupy fixed positions on a lattice, such that the net force on each 

particle is balanced, F i 
= 0. Within this approximation that does not 

take into account phenomena such as particle dislocation and inter-
nal rearrangement of the system, the dynamics simplify (see the 

section titled Methods for details on the derivation) and are given 

by

˙ vi 
≈ −

n i

∑ 

j=1

K
γ
(v i 
− v j 
) + v 0 

√
2
τ
η i 

− v i 
(

1
τ
− 

β
γ r
v 0 
) −

β 

γ r 
v2

0
v i 
∣v i 
∣ 
2,

(2)

where the sum ∑
n i 

j is restricted to the six neighbors of the par-
ticle i, and η i 

is a white noise vector with zero average and unit 

variance. The constant term K is related to the Hessian matrix 

of the interaction potential, i.e., its second derivative, and conse-
quently, K mainly depends on the lattice structure (see the section 

titled Methods for details). In Eq. (2), the first line includes a noise 

contribution and an effective velocity-dependent interaction term
K(v i 

− v j 
), which acts as a discrete Laplacian and promotes align-

ment of the velocities among neighboring particles. Compared to 

non-aligning active particles, 

75,76 each v i 
is additionally subject to a 

single-body, velocity-dependent force, as shown in the second line 

of Eq. (2).
To interpret the results, we switch from a particle-based 

description to a continuum approach for the velocity field v(r). 

This theoretical step is performed without introducing further 

approximations by simply replacing v i 
→ v(r) in the dynamics (2), 

obtaining the evolution for v(r),

v̇(r) = −
1
τ

δ
δv(r)

F[v(r)] + v0

√
2
τ
η(r), (3)

where η(r, t) is a white noise with zero average for every position r, 

such that ⟨η(r, t)η(r 

′ , t 

′ 

)⟩ = δ(t − t 

′ 

)δ(r − r 

′ 

). This approximation 

for the noise term effectively replaces the active Brownian parti-
cle dynamics with its active Ornstein–Uhlenbeck counterpart. This 

method preserves the first and second moments of the stationary 

distribution, as verified in previous work, 

77 and does not change
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the polarization. The term F = F[v(r)] is an effective free-energy 

functional that uniquely depends on the velocity field,

F[v] = ∫ dr[K̃∇v2
+ (1 −

v0τβ
γr
)
∣v∣2

2
+
τβ
4γr

∣v∣4

v2
0
], (4)

where K̃ = 

3τσ 

2 K 

2γ . This free energy has a Landau–Ginzburg shape
and is characterized by the usual mass term ∝ v 

2 , interaction ∝ v 

4 ,
and gradient term ∝ (∇v) 

2 with coefficients depending on the per-
sistence length v 0 

τ and self-alignment strength β. The gradient term 

favors the homogeneous phase, penalizing spatial changes of v(r), 

and is generated by the discrete Laplacian contribution proportional 

to ∝ K in Eq. (2). By contrast, the mass and interaction terms are 

obtained by integrating over v the linear and cubic contributions in 

Eq. (2).
We remark that the mapping of the self-aligning active crys-

tal dynamics onto a Landau–Ginzburg model for the velocity field 

v(r) is exact in the ideal crystal limit, where particle positions are 

frozen on lattice sites and the system exhibits crystal-like order. 

Consequently, our theoretical findings do not apply to self-aligning 

liquids or gases, which may also display density inhomogeneities, 

and cannot be used to predict the spectrum of the displacement 

field from the lattice positions. Nevertheless, our study establishes 

a connection between the physics of self-aligning active crystals 

and Landau–Ginzburg models in arbitrary spatial dimensions. This 

implies that the numerically observed transition from a homoge-
neous state to a flocking state corresponds to a BKT transition in 

two dimensions and to a second-order phase transition in three 

dimensions.

Prediction for the critical point and polarization

The sign of the mass term in the free-energy of the 

Landau–Ginzburg model determines the occurrence of a disordered 

or an ordered phase. When this term vanishes, the phase transition 

occurs. The mass term (∝ v 

2 

) in the effective free energy (4) changes 

sign when β exceeds the critical value β c 

, given by

βc

γr
=

1
v0τ

, (5)

corresponding to B c 
= Pe 

−1 . As a result, when the typical self-
alignment length is larger than the persistence length, β < β c
(B < B c 

), the free energy is peaked at zero, implying the stabil-
ity of the disordered phase. By contrast, in the opposite regime,
β > β c 

(B > B c 
), the free energy has a Mexican-hat shape, consistent 

with a flocking phase where rotational symmetry is broken. In this 

regime, the system displays a flocking behavior, characterized by a 

non-vanishing velocity field. The predicted transition point β = β c 

(or B = B c 
) is consistent with our numerical findings [black line in 

Fig. 2(a)], taking into account that finite-size effects in the simula-
tion hinder a clear identification of the system’s phase around the 

transition line. To the best of our knowledge, this is the first the-
oretical microscopic prediction explaining the flocking behavior in 

self-aligning active systems.
From the expression (4), we can predict the polarization ⟨S⟩ 

as a function of the self-alignment strength β (see the section titled 

Methods). In a disordered phase, ⟨S⟩ ≈ 0 or reaches small values ≪ 1

because of finite size effects [Fig. 2(e)]. By contrast, in the flocking 

state, ⟨S⟩ can be estimated from the modulus of the velocity value, 

which minimizes the effective free-energy (4),

∣S∣ ≈ (
γr

β
)

1/2
(
β
γr
−

1
v0τ
)

1/2
∝

√
B − Bc

B
. (6)

As confirmed numerically, ⟨S⟩ increases continuously with the 

square root of the reduced self-alignment strength B [Fig. 2(e)], 

displaying a behavior reminiscent of the magnetization curve in 

the Ising model. 

24 This represents evidence that flocking in a 

self-aligning crystal undergoes a continuous phase transition.

Spatial velocity correlations and correlation length

Consistent with a Landau–Ginzburg model, the spatial veloc-
ity correlations C(r) = ⟨∑ ij 

v i 
⋅ v j 
δ(r − r ij 

)/∑ ij 

δ(r − r ij 
)⟩—with r ij 

=

∣r i 
− r j 
∣—have a spatial exponential shape ∼ e 

−r/ξ 

/ 

√ 

r before the 

transition point [Fig. 3(a)]. Here, ξ corresponds to the correlation 

length of C(r), which can be analytically predicted in the Gaussian 

approximation as

ξ =
σ
√

3τK
√γ(1 − v0τβ

γr
)

1/2 = σ
√

3τK
γ

1
(1 − BPe)1/2 . (7)

The correlation length ξ diverges at the transition point, occurring 

when β/γ r 

→ β c 

= 1/(v 0 
τ), i.e., when B → B c 

= Pe 

−1 . This diver-
gence is evident as ξ exceeds the system size [Fig. 3(b)], providing 

further confirmation that flocking in dense self-aligning systems 

undergoes a continuous phase transition. We also remark that the 

prediction (7) is consistent with previous results for active crystals 

in the absence of self-alignment (β = 0), as evidenced by the scaling
with the persistence time ξ ∼ 

√ 

τK. 

78 For values of self-alignment 

bigger than the critical one, B c 
, the correlation function C(r) exhibits 

an almost flat profile, since each particle velocity is largely deter-
mined by the average value ⟨v⟩ [Fig. 3(c)]. In two dimensions, this 

correlation decays algebraically, in agreement with the predictions 

of Landau–Ginzburg theory. 

79–82 However, for parameter values far 

from the critical point, corresponding to sufficiently ordered sys-
tems, the decay of C(r) is not observable within the accessible system 

sizes and would require simulations of larger systems.
By following Cavagna and Giardina, 

83 we monitor the con-
nected correlation function C c 

(r) = ⟨∑ ij 

δv i 
⋅ δv j 

δ(r − r ij 
)/∑ ij 

δ(r − 

r ij 
)⟩—with r ij 

= ∣r i 
− r j 
∣, obtained by considering the deviation of the 

velocity field from its spatial average δv i 
= v i 
− ⟨v⟩. This function 

C c 
(r) crosses zero and reaches negative values [Fig. 3(d)], as in pre-

vious studies on the flocking behaviors of birds. 

83 Consistently, our 

system shows the typical scale-free properties of a flocking state: the 

curves for C c 
(r) collapse for different values of the parameters, being 

uniquely determined by the system size.
To confirm the nature of the phase transition predicted by our 

theory, we have numerically performed a finite-size scaling analysis 

in two dimensions. This study confirms the divergent behavior of the 

correlation length ξ as a function of the self-alignment strength, with 

a critical point B c 
that is independent of the system size [Fig. 4(a)]. 

In Fig. 4, we show the self-alignment strength dependence of the 

polarization variance [Fig. 4(b)] and Binder cumulants [Fig. 4(c)]
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FIG. 3. Spatial velocity correlations and correlation length. (a) Spatial velocity cor-
relations for different values of the reduced self-alignment strength B before the 

flocking transition at Pe = 10. The dashed lines represent the simulation data, 

while the solid curves correspond to the theoretical prediction, obtained by fitting 

the function f (r) = a e 

−r/ξ / 

√ 

r , where a and ξ are the fit parameters. (b) Corre-
lation length ξ, obtained from the previous fits, is plotted as a function of B − B c 

for Pe = 20 and Pe = 10. Here, B c 
= Pe 

−1 denotes the value of B at which the 

flocking transition occurs. The correlation length ξ exhibits a diverging behavior 

as the system approaches the critical point β → β c 

= γ r 

/(v 0 

τ), corresponding to 

B → B c 
= Pe 

−1 , in agreement with theoretical predictions. The critical points are 

marked with vertical dashed lines, shown in purple for Pe = 20 and in orange for 

Pe = 10 [Eq. (7)]. (c) and (d): Spatial velocity correlations C(r) and connected 

spatial velocity correlations C c 
(r) after the flocking transition for different values 

of B at Pe = 10. The remaining dimensionless parameters of the simulations are
M = 10 

−4 , 

√ 

ϵ/m/(D r 
σ) = 10 

2 , and Φ = Nπσ 

2 /4L 

2 = 1.1.

for various system sizes. All these results are consistent with a BKT 

transition rather than a first- or second-order transition, follow-
ing Ref. 84: (i) the polarization variance exhibits no sharp peaks, 

showing only a smooth crossover near B c 
, and does not change sig-

nificantly with L, in contrast to a first-order transition where the 

peak grows as ∼ L 

2 or a second-order transition where the peak 

shifts around B c 
; and (ii) the Binder cumulants merge to the value

FIG. 5. Analysis of spectrum in Fourier space. Spectrum S θ 

(k) =
⟨δ 

ˆ θ(k)δ θ̂(−k)⟩ of the polar angle θ̃ of the velocity as a function of the
wave-vector k, where the tilde denotes the Fourier transform. S θ 

(k) is shown for 

different values of self-alignment strength B and is compared with the scalings 

k 

−2 (black lines) and k 

1/4−2 = k 

−1.75 (red line). The remaining dimensionless
parameters of the simulations are Pe = 10, M = 10 

−4 , and 

√ 

ϵ/m/(D r 
σ) = 10 

2.

U L 
= 2/3 in the ordered phase and show size dependence in the dis-

ordered phase, consistently with a BKT transition. 

85 By contrast, a 

first-order transition exhibits a minimum in the Binder cumulant 

at B c 
, while in a second-order transition, the cumulants cross at B c 

, 

with U L 
(B c 
) → 2/3 in the thermodynamic limit L → ∞. Finally, the 

difference between a second-order and a BKT transition is more 

evident in the Fourier spectrum of the velocity polar angle corre-
lation function, corresponding to the Goldstone mode for B > B c 

(Fig. 5). In our case, for the Goldstone mode, it follows the behavior
S θ 

(k) = ⟨δ 

ˆ θ(k)δ θ̂(−k)⟩ ∼ k 

−2 , and for the transition point B ∼ B c 
,

it yields the scaling S θ 

(k) ∼ k 

η−2 , with the value η = 1/4 consistent 

with the BKT transition. 

86 In the disordered phase B < B c 
, it goes 

back to the S θ 

(k) ∼ k 

−2 , in accordance with an Ornstein–Zernike

FIG. 4. Finite-size scaling analysis. (a) Correlation length ξ, normalized by the particle diameter σ, as a function of the reduced self-alignment strength B − B c 
, where 

B c 
= Pe 

−1 is the value of B at which the flocking transition occurs. (b) Polarization variance Var(S) = ⟨S 

2 ⟩ − ⟨∣S∣⟩ 

2 as a function of B. Here, the dashed line marks the 

value 2/3, at which U L 
converges in the ordered phase. (c) Binder cumulant U L 

= 1 − ⟨S 

4 ⟩/(3⟨S 

2 ⟩ 

2 ) as a function of B. Data are shown for different system particle 

numbers N = 8836, 21 609, 43 609, with the corresponding system lengths L chosen to keep the packing fraction fixed at Φ = 1.1. The legend shown in panel (a) applies
to panels (b) and (c). The remaining dimensionless parameters of the simulations are Pe = 10, M = 10 

−4 , and 

√ 

ϵ/m/(D r 
σ) = 10 

2.
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profile. 

87–90 It is, nevertheless, important to remark that our numer-
ical study is consistent with the BKT scenario, but a clear identifi-
cation of a BKT transition would require the analysis of topological 

defects and universal scaling properties, which is beyond the scope 

of the present work.

CONCLUSIONS

Our study provides one of the first microscopic theories 

for the flocking phenomenon in self-aligning active crystals by 

establishing a theoretical link between self-aligning active matter 

and the well-established Ginzburg–Landau model used to describe 

order–disorder phase transitions. The self-alignment strength 

induces a sign change in the mass term of the effective velocity-
dependent free energy, giving rise to a symmetry breaking in 

the rotational symmetry of the system and, consequently, Gold-
stone modes. In contrast to Vicsek-like models, 

91–93 our velocity-
dependent Landau–Ginzburg theory predicts that flocking in self-
aligning active crystals is a Berezinskii–Kosterlitz–Thouless (BKT) 

transition in two dimensions, as also suggested by the simulations’ 

results, and a second-order phase transition in three dimen-
sions. This is evidenced by the continuous change of the order 

parameter—the velocity polarization—and by the divergence of the 

correlation length of the spatial velocity correlations.
Compared to Vicsek-like models, flocking is observed here 

without an explicit coupling between different particle velocities. 

However, to achieve this global movement, both repulsive interac-
tions and self-alignment are crucial, as evidenced by our theory: in 

the absence of self-alignment, the mass term never changes sign, and 

the disordered phase remains stable. Indeed, collective motion in 

crystals composed of non-aligning active Brownian particles cannot 

be observed, 

89,94–97 except in the limit of infinite persistence length. 

98 

Consequently, although our microscopic theory is strictly valid in 

the ideal crystal limit, it could be extended to less dense regimes by 

relaxing the underlying assumptions. This may justify the formu-
lation of a hydrodynamic description in self-aligning active matter 

and could inspire a more systematic theoretical study, for instance, 

through a Toner–Tu theory 

30 to explore lower density configura-
tions. In these cases, density inhomogeneities may develop in the 

form of bands or moving crystals, 

65 features that are not observed in 

systems with underlying crystalline order.
This work thus offers a solid theoretical foundation for under-

standing collective behavior in high-density active granular matter 

exhibiting swarming or flocking, as well as in migrating biological 

systems, such as cell monolayers or living tissues, which are often 

modeled through self-alignment mechanisms. In particular, our pre-
dictions for the flocking transition point and the correlation length 

of the system can be quantitatively tested through granular HexBug 

particles linked by springs. Compared to this work, we expect that 

larger system sizes may be required to suppress finite-size effects 

and reach the predicted flocking transition point. We note, however, 

that our theory does not capture the collective displacement modes 

observed experimentally in Ref. 69. This limitation arises because 

our theoretical analysis is performed within a lattice approximation, 

in which particle positions are fixed on lattice sites and fluctuations 

in their displacements are not resolved. Indeed, it would be interest-
ing to carry out a more systematic study as a function of density in

self-aligning active systems. We expect that dislocations and discli-
nations occurring by lowering the density may influence the nature 

of the phase transition or change the transition point from a homo-
geneous to a flocking phase. It may also be worthwhile to investigate 

how the flocking transition is affected in the two-dimensional hex-
atic phase, as recent studies 

99 on doping two-dimensional crystals 

with active particles have shown that melting in two dimensions is 

directly governed by defect concentration. Another direction that 

should be addressed in future studies is the identification of the 

universality class of this transition, as well as whether the contin-
uous phase transition persists upon the introduction of quenched 

disorder into the system. 

100–102

Beyond active granular matter, our theory may also apply 

to other systems that exhibit flocking-like behavior 

103,104 or col-
lective migration. This includes biological cells, which are often 

modeled using self-alignment interactions, 

4 as in our approach. 

Moreover, the theoretical framework we propose can be extended 

to systems dominated by anti-self-alignment, in which particle 

orientations tend to align antiparallel to their velocities. Such 

mechanisms have been invoked not only in active granular sys-
tems 

61 but also recently to describe human crowds. 

105 Incorporating 

this anti-alignment term into our theory—holding in a solid-like 

regime—may enable predictions of the collective chiral oscillations 

observed experimentally.

METHODS
Details on the numerical simulations

The dynamics described in the main text by Eqs. (1a) and (1b) 

are numerically implemented by using the Euler integration scheme 

with a time step of Δt = 5 × 10 

−6 τ. Rescaling time by the persistence 

time of the particle’s trajectory, τ, and positions by the particle’s 

diameter, σ, the integration scheme is as follows:

r 

′
i(t 

′ 

+ Δt 

′ 

) = r 

′
i(t 

′ 

) + Δt 

′ v 

′
i(t 

′ 

), (8a)

v 

′
i(t 

′ 

+ Δt 

′ 

) = v 

′
i(t 

′ 

) − 

γ 

mD r
Δt 

′ γv 

′
i(t 

′ 

)

+ Δt 

′ 

1 

σmD r
2 

F 

′ 

i 
(r 

′
i(t 

′ 

)) + 

γ 

mD r
Δt 

′ v 

′
0 

ˆ ni 
, (8b)

θ′i(t
′
+ Δt′) =

βσ
γr
Δt′(n̂i × v′i) ⋅ êz +

√

2Δt′Yi. (8c)

In the equations presented, the prime symbol denotes the dimen-
sionless variables used in our simulations. In this formulation, the 

orientation is given by ˆ ni 
= (cos θ i 

, sin θ i 
), while Y i 

are the Gaussian 

random variables with zero mean and unit variance. The force due to 

a potential can be expressed as F i 
= −∇ i 

U tot 
, with U tot 

= ∑ i<j 

U(∣x i 
− 

x j 
∣), where U is chosen as a WCA potential, as explained in the 

main text. The particle dynamics are governed by several dimen-
sionless parameters, introduced in the main text: the Péclet number, 

Pe = v 0 
/(D r 

σ), which quantifies the activity strength and is var-
ied from Pe = 1 to Pe = 100 in the numerical study; the reduced 

mass, M = D r 
m/γ, which compares the inertial time m/γ with the 

persistence time τ = 1/D r 
and corresponds to the inverse of the 

coefficient multiplying the second and last terms on the right-hand
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side of Eq. (8b). This is fixed to M = 10 

−4 so that a low iner-
tia regime is explored and the dimensionless interaction strength,
√ 

ϵ/m/(D r 
σ), can be extracted by manipulating the third term of the 

same equation. Self-alignment introduces an additional dimension-
less parameter, i.e., the reduced self-alignment strength, B = βσ/γ r 

, 

which is varied in the range 10 

−2 

≤ B ≤ 10 

0 . Simulations are per-
formed for a total time of 2 × 10 

2 τ in a square box of size L = 

125 with N = 2.2 × 10 

4 particles, yielding a packing fraction of Φ = 

Nπσ 

2 

/4L 

2 

= 1.1.

Derivation of the theoretical results 

Algebraic manipulation of the self-aligning 

active dynamics

The dynamics for two-dimensional active Brownian parti-
cles [Eq. (1)], interacting with self-alignment or anti-self-alignment 

mechanisms, can be expressed in Cartesian components as follows:

v̇i =
Fi

m
−
γ
m

vi +
γ
m
v0n̂i, (9a)

˙̂ni = −
n̂i

τ
+

√
2
τ
ηi × n̂i +

β
γr
(n̂i × vi) × n̂i, (9b)

where v i 
= ˙ xi 

and we have introduced the white noise vector with 

components η i 

= (0, 0, η i 

). The resulting stochastic noise, propor-
tional to η i 

× ˆ ni 
, is multiplicative and is interpreted in the Itô sense. 

We emphasize that the term −ˆ ni 
/τ arises from adopting the Itô 

convention for stochastic integration upon transforming the angu-
lar dynamics from polar to Cartesian coordinates. 

106 Finally, in the 

dynamics (9a), we have neglected the translational noise, which is 

usually irrelevant in active matter systems.
As a first step, we note that the self-alignment interactions can 

be expressed in the following form:

β(ˆ ni 
× v i 
) × ˆ ni 

= β(v i 
− ˆ ni 
[v i 
⋅ ˆ ni 
]), (10)

where we have used that n i 
is a unit vector such that n2

i = 1. At first, 

we define the acceleration s i 
= ˙ vi 

and then apply the time derivative 

to Eq. (9a). By using Eq. (9b) to calculate ˙̂
 ni 
, we obtain

ṡ i 
= − 

γ
m 

s i 
− v j 
⋅ ∇ i 
∇ j

U tot

m
+ 

γv 0 

m

⎡
⎢ 

⎢
⎢ 

⎢
⎣ 

−
ˆ ni

τ
+ 

√ 

2 

τ 

η i 

× ˆ ni

+ 

β
γ r
(v i 
− ˆ ni 
[v i 
⋅ ˆ ni 
])

⎤ 

⎥ 

⎥
⎥ 

⎥ 

⎦

. (11)

Finally, by using Eq. (9a), we eliminate n i 
in favor of s i 

, v i 
, and the 

force F i 
so that the dynamics are expressed as a function of position, 

velocity, and acceleration only, as

ṡ i 
= −(

γ
m
+ 

1
τ 

)s i 
− v j 
⋅ ∇ i 
∇ j

U tot

m

+
F i

mτ
+ 

γv 0 

m

√ 

2 

τ 

η i 

× ˆ ni 
+ 

γ 

m 

v i 
(−

1
τ
+ v 0 

β
γ r 

)

− 

γv 0

m
β 

γ r
[(

m
γv 0

s i 
+ 

v i 

v 0
−

F i

γv0 

)v i 
⋅ ( 

m
γv 0

s i 
+ 

v i 

v 0
−

F i

γv0 

)]. (12) 

The dynamics (12) are equivalent to the equations of motion (9a) 

and (9b) numerically implemented and result from a change of 

variables from (x i 
, v i 

, ˆ ni 
) to (x i 

, v i 
, s i 
).

Vanishing inertia limit

By considering the limit of small inertia, one can select the lead-
ing contributions to the dynamics (12) in the limit of small m/γ. 

In particular, we consider terms proportional to γ/m and neglect 

higher-order contributions, obtaining

ṡ i 
= − 

γ
m 

s i 
− v j 
⋅ ∇ i 
∇ j

U tot

m
+ 

F i 

mτ 

+ 

γv 0 

m 

√ 

2 

τ 

η i 

× ˆ ni

+ 

γ 

m
v i 
(v0 

β
γ r
−

1 

τ
) − 

γv 0

m
β 

γ r
[(

v i

v 0
−

F i

γv0 

)v i 
⋅ ( 

v i

v 0
−

F i

γv0 

)]. 

(13)

By taking the overdamped limit m/γ → 0, one can eliminate the vari-
able s i 

, effectively neglecting the time evolution of the acceleration, 

i.e., ˙ si 
= 0. In this way, we obtain an equation of motion for v i 

, which 

reads

s i 
= ˙ vi 
= −v j 

⋅ ∇ i 
∇ j

U tot

γ
+ 

F i 

γτ
+ v 0 

√ 

2 

τ 

η i 

× ˆ ni

+ v i 
(v0 

β
γ r
−

1 

τ
) − v 0 

β
γ r
[( 

v i 

v 0
−

F i

γv0 

)v i 
⋅ ( 

v i

v 0
−

F i

γv0 

)]. (14) 

The first term in Eq. (14) is a local alignment term. Indeed, by calling 

n i 
the instantaneous number of particles interacting with the particle 

i, we have

∑ 

j
∇ i 
∇ j 

U tot 
⋅ v j 
= ∑ 

j
∇ i 
∇ j∑

k<l
U(∣x kl 

∣) ⋅ v j

= 

n i

∑ 

j=1 

∇ i 
∇ i 

U(∣x ij 
∣) ⋅ v i 

+

n i

∑ 

j=1
∇ i 
∇ j 

U(∣x ij 
∣) ⋅ v j

= 

n i

∑ 

j=1
∇ i 
∇ i 

U ⋅ (v i 
− v j 
), (15)

with x ij 
= x j 
− x i 

. We remark that Eq. (15) holds for a general total 

potential U tot 
= ∑ i<j 

U(∣x ij 
∣), i.e., a sum of pairwise contributions. In 

this interaction, the particle’s velocity v i 
is attracted to the velocity 

of particle j, depending on the second derivative of the potential via 

the term ∇ i 
∇ i 

U(∣x ij 
∣). The other terms in the first line of Eq. (14) 

are a force F i 
normalized by the persistence time τ and a noise 

term. Finally, self-alignment induces other single-particle non-linear 

terms that depend on v i 
and F i 

[second line of Eq. (14), terms ∝ β]. 

We remark that the dynamics (14) can be obtained directly by 

taking the overdamped limit of the equation of motion for the trans-
lational velocity, i.e., by assuming ˙ vi 

≈ 0 in Eq. (9a), which is valid 

for small inertial times.

Lattice approximation

In a crystal configuration, the particles are placed on an ordered 

lattice, for instance, a triangular one in two dimensions, and display 

small fluctuations around their lattice positions. To proceed further,
we consider the lattice approximation, effectively freezing the parti-
cle positions on their lattice sites. This assumption implies that the
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net force on each particle vanishes, F i 
= 0. In addition, by consid-

ering a short-range potential U as the WCA potential used in the 

simulations, the second derivative of the potential becomes constant 

and can be expressed as

n i

∑ 

j=1
∇ i 
∇ i 

U(∣x ij 
∣) ⋅ (v i 

− v j 
) =

n i

∑ 

j=1
H j 
⋅ (v i 
− v j 
), (16)

where n i 
= 6 selects the first neighbors of the particle i in a two-

dimensional triangular lattice. The constant matrix H j 
(depending 

on the distance between the particle i and the particle j) can be 

obtained by calculating the second spatial derivatives of the potential 

U = U(r ij 
),

∇
α
i ∇

β
i U = [U′′ +

U′

∣rij ∣
]

rαijr
β
ij

∣rij ∣
2 − δαβ

U′

∣rij ∣
, (17)

where rαij 

= r 

α
i 

− rαj , with α = x, y. In this expression, each prime on 

the potential U means a spatial derivative. In addition, the following 

relation holds:

∇ 

α
i 

∇ 

β
j U = −∇

α
i 

∇
β
i U. (18)

The Cartesian components of rαij/∣r ij 
∣ can be expressed as cos (δ j 

) 

and sin (δ j 
) after introducing the angle δ j 

between the r ij 
vector and 

the horizontal axis. The regular hexagonal structure of the cluster 

allows us to express the angle as δ j 
= δ 0 
+ jπ/3, where j = 0, 1, . . . , 5, 

and δ 0 
is the orientation of the hexagon with respect to the reference 

frame that we fix to zero without loss of generality. In this way, we 

finally obtain the elements of the matrix H, which have the following 

form:

Hxx(σ) = U′′(σ)cos2
(j
π
3
) +

U′(σ)
σ

sin2
(j
π
3
), (19)

Hyy(σ) = U′′(σ)sin2
(j
π
3
) +

U′(σ)
σ

cos2
(j
π
3
), (20)

Hxy(σ) = (U′′(σ) −
U′(σ)
σ
) cos(j

π
3
) sin(j

π
3
), (21)

with H xy 
(σ) = H yx 

(σ). Here, we have suppressed the explicit 

dependence on j. Finally, we remark that the sum over the six 

neighbors of the out-of-diagonal elements of H vanishes,

n i

∑ 

j=1
H xy 
(σ ) = 0. (22)

The same protocol applied to the diagonal elements gives a constant
K ≠ 0 with the following expression:

K =
ni

∑
j=1

Hxx(σ) = 3(U′′(σ) +
U′(σ)
σ
), (23)

with ∑
n i 

j=1 H xx 
(σ) = ∑

n i 

j=1 H yy 
(σ). In this way, we have

n i

∑ 

j=1
H j 
= KI, (24)

where I is the identity matrix. We remark that truncating at first 

neighbors to estimate the second derivative of the potential works 

because the potential is short-range, as in the simulations of the main 

text.
By summarizing, the particle dynamics in the lattice approxi-

mation can be expressed as

˙ vi 
= s i 
= −

1 

γ

n i

∑ 

j=1
K(v i 

− v j 
) − v i 

(
1
τ
− 

β
γ r
v 0 
)

− 

β
v 0γ r 

v i 
∣v i 
∣ 
2 

+ v 0 

√ 

2 

τ 

η i 

× ˆ ni 
, (25)

where the constant K is defined by Eq. (23) and we have neglected 

the directional contribution of the lattice. In this way, the first term 

on the right-hand side of Eq. (25) (first line) corresponds to a dis-
crete Laplacian. By keeping directional contribution, the only change 

regards the inclusion of directional contribution, accounting for the 

lattice orientation. Finally, the dynamics (12) can be expressed as the 

functional derivative of a free-energy functional,

v̇i = −
1
τ
δ
δvi

F[{v}] + v0

√
2
τ
ηi × n̂i, (26)

where F[{v}] is defined as

F[{v}] = τK
2γ∑i<j

vj ⋅ vi +
1
4∑i

β
γrv0
∣vi∣

4
+

1
2∑i

∣vi∣
2
(1 − v0

τβ
γr
).

(27)

Structural analysis

In this section, we demonstrate that our system—self-aligning 

active particles at packing fraction Φ = 1.1—is characterized by an 

almost perfect hexagonal order, i.e., it displays a crystalline structure 

independently of the self-alignment strength. Although the aspect
ratio 

√ 

3/2 required for such a structure is not satisfied in our sys-
tem, the crystal, nevertheless, emerges due to periodic boundary 

conditions and a sufficiently large system size, as illustrated by the 

local snapshots [see Figs. 6(a) and 6(b) for the disordered and flock-
ing phases, respectively]. In addition, we analyze the orientational 

order parameter,

ψ j
6 =

1
nj

nj

∑
l=1

exp [i6θlj], (28)

where n j 
denotes the total number of neighbors of the j-th particle. 

The term θ lj 

denotes the angle between the vector x lj 

= x j 
− x l 

and 

the horizontal (x) direction. To quantitatively analyze the degree of 

order in the system, we plot the average value of the orientational
order parameter ψ 6 

= 1/N∑N
j=1 ⟨ψ 

j
6⟩, averaged in the steady-state

over all particles and over time, as a function of system size. This 

observable approaches unity for a crystalline structure and is close 

to zero for a liquid-like structure. As shown in Fig. 6(c), the observ-
able 1 − ψ 6 

approaches a value near zero for sufficiently large system 

sizes, both in the disordered and ordered phases, indicating an 

almost perfect hexagonal structure. The two almost coinciding open 

circles in Fig. 6(c) represent the same observable computed for a
simulation box with aspect ratio 

√ 

3/2, where the horizontal axis
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FIG. 6. Hexagonal lattice order. Snapshots showing the hexagonal lattice structure 

obtained for (a) B = 0.02 (disordered phase) and (b) B = 0.5 (flocking phase). 

(c) Behavior of 1 − ψ 6 

as a function of the system size: green dots correspond 

to B = 0.02 (disordered phase), while blue dots correspond to B = 0.5 (flocking 

phase). The local hexagonal order parameter ψ j
6 = 1/n j 

∑n j 

l=1 exp [i6θ l j 
] is aver-

aged over all particles in the system and over time after reaching the steady-state
ψ 6 

= 1/N∑N
j=1 ⟨ψ 

j
6⟩. The two almost coinciding open circles (green for B = 0.02

and blue for B = 0.5) represent simulations performed in a rectangular box with
aspect ratio 

√ 

3/2, where the horizontal coordinate corresponds to 

√ 

L x 
L y 

, for 

B = 0.02 and B = 0.5. The gray line is a guide for the eye.

is defined as 

√ 

L x 
L y 

. These values are slightly smaller than those 

obtained using square boxes, but they remain consistent with the 

previous results, further confirming the high degree of hexagonal 

ordering achieved. In other words, the defects introduced by using a 

square box are negligible.

Continuum limit

Here, we consider the continuum limit by replacing v i 
→ v(r), 

where r is a continuous coordinate on the lattice. In this way, the 

discrete Laplacian in Eq. (25) (the first term in the right-hand-side) 

is replaced by

−
1
γ

ni

∑
j=1

K(vi − vj)→
3σ2

2
K
γ
∇

2v(r), (29)

where the particle diameter σ also corresponds to the lattice 

constant. The dynamics (12) in the continuum limit becomes a 

dynamics for the velocity field v(r),

v̇(r, t) = −
1
τ

δ
δv(r, t)

F[v(r, t)] + v0

√
2
τ
η(r, t). (30)

Here, we approximate the noise projection in Eq. (26) by a vec-
tor of independent white noises, η(r, t), such that ⟨η(r, t)η(r 

′ , t 

′ 

)⟩

= δ(t − t 

′ 

)δ(r − r 

′ 

). This corresponds to replacing the active Brow-
nian particle dynamics with its active Ornstein–Uhlenbeck approxi-
mation, which—as shown in Ref. 77—preserves the first and second 

moments of the stationary distribution. In addition, F[v(r, t)] is the 

Landau–Ginzburg free energy, which reads

F[v(r, t)] = ∫ dr 

3τσ 

2

2 

K
γ
(∇v(r, t)) 

2 

+ ∫ dr 

∣v(r, t)∣ 2 

2
(1 − v 0 

τβ
γ r
)

+ ∫ dr 

τβ 

4v 0 
γ r
∣v(r, t)∣ 4 . (31)

The first term on the right-hand-side of Eq. (31) (first line) corre-
sponds to a kinetic term that restores random configurations, while 

the other two terms coincide with a single-particle free-energy with 

a Mexican hat shape depending on the sign of the mass term. As a 

consequence, the flocking transition occurs for

β
γr
>
βc

γr
=

1
τv0

, (32)

where the quadratic term changes sign and the typical length of the 

self-alignment mechanism is equal to the persistence length.

Prediction for the polarization

To predict the polarization value before and after the flock-
ing transition, we calculate the average velocity predicted by the 

Landau–Ginzburg model, theoretically linked to the dynamics of a 

self-aligning active crystal. In particular, before the flocking transi-
tion β < β c 

(B < B c 
), the average velocity is zero, and any residual 

velocity is due to finite size effects. By contrast, in the flocking 

phase, β > β c 

(B > B c 
), the average velocity is different from zero 

and directed along n̂, which corresponds to the average direction 

of the flock. Summarizing, the average velocity ⟨v⟩ has the following 

expression:

⟨v⟩ =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

0, β < βc,

(
v0

β
)

1/2
(v0

β
γr
−

1
τ
)

1/2
n̂, β > βc,

(33)

where the amplitude of ⟨v⟩ is obtained by calculating the minima of 

the velocity-dependent Landau–Ginzburg free energy. As a result, 

we can estimate the polarization as

S =
⟨v⟩
∣v∣
≈
⟨v⟩
v0

. (34)

The polarization S is zero before the flocking transition point, while 

it is given by the following expression:

∣S∣ ≈ (
γr

β
)

1/2
(
β
γr
−

1
v0τ
)

1/2
∝

√
B − Bc
√

B
, (35)

after the transition. The polarization tends to 1 for v 0 
β/γ r 

≫ 1/τ, 

as expected. To compare this profile with simulations, we have 

included an additive constant to the profile (35). This constant 

accounts for the finite size effects of the system, which does not allow 

the polarization to exactly reach zero before the flocking transition.
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Prediction for the spatial velocity correlations before 

the flocking transition

For a Landau–Ginzburg model, it is possible to calculate the 

shape of the steady-state spatial velocity correlations. In particu-
lar, before the flocking transition, we can neglect the quartic term 

of the interactions and, thus, non-linear effects in the dynamics for 

v = v(r, t), obtaining

v̇ = (3σ2 K∇2
− (

1
τ
− v0

β
γr
))v + v0

√
2
τ
η, (36)

where η = η(r, t). By multiplying the equation by v(r 

′ , t), we can 

obtain the equation for the spatial velocity correlations C(r − r 

′ 

)

= ⟨v(r) ⋅ v(r 

′ 

)⟩, which uniquely depends on the distance r − r 

′ ,

∂

∂t
C(r − r′) = (3σ2 K∇2

− (
1
τ
− v0

β
γr
))C(r − r′) + 2

v2
0

τ
δ(r − r′),

(37) 

where we have used the Novikov theorem to calculate the velocity-
noise correlation ⟨v(r 

′ , t)η(r, t)⟩ = v 0 

√
2
τ δ(r − r 

′ 

). By taking the 

steady-state solution (neglecting ∂ t 
C = 0), we obtain a Helmholtz 

equation in two dimensions with the solution

C(r) =
v2

0

3πτσ2 K
K0(
∣r∣
ξ
). (38)

Here, K 0 
is the Bessel function of the second kind, and ξ is a 

correlation length, which is given by

ξ =
σ
√

3τK

(1 − v0τβ
γr
)

1/2 , (39)

which corresponds to the prediction (7) of the main text. Finally, 

we can approximate the Bessel function for long distances ∣r∣ > ξ, 

obtaining

C(r) ∼

√
ξ
r

exp{(−
r
ξ
)}, (40)

where r = ∣r∣. This expression corresponds to the prediction of the 

main text, which is compared with numerical data.

Theory for a different self-aligning mechanism

Our theory can be easily adapted to other self-aligning mech-
anisms, which would qualitatively lead to similar flocking behavior. 

However, adopting a different self-alignment rule could produce a 

velocity-dependent free energy with a different functional form.
As an example, we now consider a different self-alignment 

mechanism in the dynamics of the particle orientation [Eqs. (9a) and 

(9b)],

β̃(n̂i ×
vi

∣vi∣
) × n̂i = β̃(

vi

∣vi∣
− n̂i[

vi

∣vi∣
⋅ n̂i]). (41)

This mechanism is often employed in numerical studies of cells. 

40,41

Here, β̃ can be interpreted as the self-alignment strength. By repeat-
ing the calculations presented in the section "Derivation of the

theoretical results," starting from Eq. (11), we obtain a dynamics 

equivalent to Eq. (25), valid under the same approximations,

˙ vi 
= −

1 

γ

n i

∑ 

j=1
K(v i 

− v j 
) − v i 

(
1
τ 

) (42)

+ 

˜ β
γ r
v 0

v i

∣v i 
∣ 
−

˜ β 

v 0γ r 

v i 
∣v i 
∣ + v 0 

√ 

2 

τ 

η i 

× ˆ ni 
. (43)

This equation of motion can be rewritten as

v̇i = −
1
τ
δ
δvi

F̃[{v}] + v0

√
2
τ
ηi × n̂i (44)

in terms of an effective velocity-dependent free energy with the
following shape:

F̃[{v}] = τK
2γ∑i<j

vj ⋅ vi +
1
3∑i

β̃
γrv0
∣vi∣

3
+

1
2∑i

∣vi∣
2
− v0

τβ̃
γr
∑

i
∣vi∣.

(45) 

Even though F̃[v] does not have the standard Landau–Ginzburg
form, it can still reproduce flocking behavior for parameter values
where the free energy minimum is far from the origin.
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