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Abstract

When can we map a classical density profile to an external potential? In equilibrium, with-
out time dependence, the one-body density is known to specify the external potential that is
applied to the many-body system. This mapping from a density to the potential is the cor-
nerstone of classical density functional theory (DFT). Here, we consider non-equilibrium,
time-dependent many-body systems that evolve from a given initial condition. We derive
explicit conditions, for example, no flux at the boundary, that ensure that the mapping from
the density to a time-dependent external potential is unique. We thus prove the underlying
assertion of dynamical density functional theory (DDFT) — without resorting to the so-
called adiabatic approximation often used in applications. By ascertaining uniqueness for
all n-body densities, we ensure that the proof — and the physical conclusions drawn from
it — hold for general superadiabatic dynamics of interacting systems even in the presence
of (known) non-conservative forces.

1 Introduction

The foundation of classical density functional theory (DFT) [20, 21, 40, 65] rests on the
fact that the one-body density determines the external potential and hence the underlying
Hamiltonian if the interaction potential is known. In essentially all relevant cases, there
exists a unique mapping from the one-body density p(x) to an external potential V (x) for
x € Q in d-dimensional Euclidean space 2 C R¢ and for a given interaction potential,
temperature, and number of particles (or chemical potential). Remarkably, because of this
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unique mapping, the one-body density fully specifies a many-body system in equilibrium
if the interparticle interactions are known. The existence of such a unique density—potential
mapping was first proven in the context of quantum mechanics by Hohenberg and Kohn [28],
Kohn and Sham [30], and Mermin [40]. Mermin’s generalized arguments can be directly
applied to classical many-body systems as elaborated by Evans [20] and later rigorously
confirmed by Chayes, Chayes, and Lieb [9]. The unique mapping exists under mild and
natural conditions on the density and interparticle interactions that essentially assume finite
energies. Among others, this result implies a formal equivalence of Mermin-Evans DFT to
the alternative framework [17] based on Levy’s constrained search [31] (which does not a
priori restrict to density profiles that are realizable by an external potential).

Here, we are interested in the generalization of these density—potential mappings to the
dynamical case, in which all functions additionally depend on time ¢ € [0, co). If such a
mapping exists, it is the foundation of classical dynamical density functional theory (DDFT)
[5, 38, 53], as first derived by Marconi and Tarazona [38] from the stochastic Langevin
equation and later by Archer and Evans [5] from the corresponding Smoluchowski equation
or by Espafiol and Lowen using the projection operator formalism [18]. More specifically,
we study the fundamental relation between the time-dependent one-body density p(x, )
and external potential V (x, t). These considerations also elucidate the role of the one-body
current j(x,1).

The central question of this paper is: under which conditions can we map a classical time-
dependent density p : 2 x [0, 00) — R to an external potential V : @ x [0, 00) — R? Such
a mapping always refers to the functions and not their instantaneous value at time ¢, and it
presupposes some well-specified initial conditions. Importantly, in this context of statistical
physics, a unique mapping from p to V implies that the density p can only be realized by the
external potential V and not by another potential V’ # V. Hence, the question is whether a
mapping from the density to the external potential is well defined not whether itis injective. (In
equilibrium, injectivity fails at phase coexistence, but the dynamical problem is conceptually
different due to a deterministic time evolution starting from given initial conditions.)

As in the case of equilibrium DFT, once we have proven the existence of a unique density—
potential mapping for a given interaction pair potential U and temperature 7', we can assert
that the full knowledge of the density profile p : Q x [0, 00) — R at all times specifies
the forces driving the entire dynamics. Hence, it contains all relevant information about the
system, including correlations of any order. Hence, our central question is of both fundamental
importance and practical relevance to the study of time-dependent many-body systems.

We, therefore, consider the exact dynamics driven by the full non-equilibrium inter-
action force, i.e., we do not rely on an “adiabatic” approximation that equates equi-
librium and non-equilibrium correlations (which is usually required for explicit calcu-
lations in DDFT) [5, 38]. Consequently, our results also pertain to the recently devel-
oped superadiabatic-DDFT [55, 57] as well as to the framework of power functional
theory (PFT) [50, 51]. Both approaches incorporate “superadiabatic” forces [22] that are
neglected in standard (adiabatic) DDFT approximations. The underlying variational princi-
ple of PFT, based on Levy’s constrained search [31], entails the existence of a unique mapping
from the two functions p(x, ¢) and j(x, ¢) to the function V (x, t). A recent reformulation of
the PFT formalism suggests that the only relevant field is j(x, t) [36]. Since our pursuit of
unique density—potential mappings neither requires an approximation nor a specific frame-
work, our results shed light on the relation between DDFT and PFT on a formal level and
help, in particular, to better understand the role of the current.

In quantum mechanics, an argument for the unique mapping from time-dependent densities
p(x, t)topotentials V (x, t) was provided by Runge and Gross in 1984 [46], which became the
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foundation of time-dependent density functional theory (TDDFT). Assuming time-analytic
potentials and smooth densities, they linked the quest for uniqueness of the density—potential
mapping to that of the solution for an elliptic partial differential equation (PDE). However,
as pointed out later [15, 25, 26, 66], this solution is unique only under certain conditions
on both p(x,t) and V (x, t). These joint assumptions on the density and potential are more
complex than in equilibrium, where the conditions for a unique V (x) only depend on p(x)
[9]. Intuitively speaking, these more intricate assumptions arise in the time-dependent case
because more states are allowed than in equilibrium.

For classical systems, Chan and Finken [8] asserted uniqueness following the idea of
Runge and Gross [46]. However, because the evolution of two- and higher-body densities
were not explicitly taken into account, the argument so far holds only for noninteracting
particles or under the adiabatic approximation. Moreover, no conditions have hitherto been
stated for the uniqueness of classical density—potential mappings. In fact, this omission is
more critical in the classical setting than it would be in the quantum case since, for the latter,
loopholes to unique mappings are considered to be “largely unphysical” [26] and are hence
often neglected. By contrast, diverging potentials are not only relevant but even common in
classical statistical physics.

In this work, we begin to close these two gaps by proving explicit conditions for the
uniqueness of classical density—potential mappings based on an exact hierarchy for the n-
body densities. Thus, our conditions are independent of the adiabatic approximation, and,
somewhat surprisingly, they also allow for (known) non-conservative forces. Thus, we begin
to provide a rigorous foundation of classical DDFT. Since we follow the proof of Runge and
Gross [46], we have to assume time-analytic potentials and smooth densities. We thus provide
only sufficient conditions for uniqueness. In the outlook, we briefly discuss the general case
as an open problem for further research in mathematical physics.

To this end, we first specify our setting in Sec. 2 and derive the hierarchy of reduced
Smoluchowski equations for all time-dependent n-body densities p, (x1, . .., X,, ¢) in Sec. 3;
see Theorem 3.1. Since we are concerned with possibly diverging potentials, we accurately
derive the boundary contributions and find that all corresponding terms vanish if and only
if the Yvon-Born-Green (YBG)-hierarchy holds on average at the boundary (for which we
also provide a physical intuitive condition).

Then, we prove our main results in Sec. 4, i.e., we derive generic conditions that guarantee
that two given external potentials V (x, ¢) and V'(x, ) do not yield the same time-dependent
one-body density p(x, ). We use this general result to specifically show that the density—
potential mapping is unique for no-flux boundary conditions. More specifically, similar to
the idea of Runge and Gross (or Chan and Finken) [8, 46], we assume analytic potentials
and can, therefore, reduce the uniqueness of the mapping to the uniqueness of a solution
to a (semi-)elliptic PDE. In contradistinction to the available proofs in quantum mechanics
[25, 26, 45, 46], we here use the hierarchy of reduced Smoluchowski equations. Our proof
of Theorem 4.5, therefore, requires no approximation of n-body correlations; in particular,
our uniqueness theorems are not restricted to adiabatic DDFT. Moreover, our rephrasing of
the problem allows us to obtain a physically intuitive condition for uniqueness. Theorem 4.6
asserts that a unique solution can be guaranteed for no-flux boundary conditions or, in fact,
any specified flux in or out of the system.

In Sec. 5, we demonstrate that such a simultaneous condition on the density and potential
is inevitable. More specifically, we present explicit loopholes to uniqueness where the same
p(x, t) is attained for two different external potentials. Obviously, these examples violate the
conditions of our theorems. For an exponentially fast decaying density profile, a non-unique
external potential must necessarily include an exponential divergence (in space). In contrast,
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if the density profile has heavy tails, already a polynomial divergence of V (x, t) can lead to
non-unique mappings. Hence, the conditions on the asymptotic behavior have to depend on
both p(x, ) and V (x, 1).

To conclude the discussion of loopholes in Sec. 5, we embed our findings in the framework
of PFT. A unique mapping to an external potential implies a unique current j(x, ). In
contrast, if a suitable external potential V'(x, t) that violates our conditions is added, it
causes a divergence-free current j'(x, t) that does not change the density p(x, ). Such
loopholes have been simulated via a numerical procedure known as custom flow [11, 14]
that determines, in line with PFT, the unique external force field as a functional of p(x, t)
and j(x,t). The hierarchy of Smoluchowski equations from Theorem 3.1 emphasizes the
necessity of this approach for interacting systems. For the ideal gas (or under the adiabatic
approximation), our analytic formula (5.2) can be applied for a systematic construction of
non-unique density—potential mappings for effectively one-dimensional systems.

Our mathematical findings are summarized and interpreted in physical terms in Section 6,
where we focus on the insights in view of necessary approximations required for explicit
predictive calculations using DDFT and related theories. Finally, in Section 7, we conclude
and discuss open mathematical questions. We also offer pathways towards further uniqueness
theorems for a broad class of soft matter systems.

2 Densities and Smoluchowski operators

We here consider an overdamped many-body system with a fixed number of indistinguishable
particles N > 0 in an open, bounded domain Q2 C R4, d > 1. Furthermore, we assume for
convenience that 2 is connected and has a smooth boundary 9<2. The position of a particle
is here typically denoted by a d-dimensional vector x € .

We characterize our system by its time-dependent symmetric N-body probability density

Py : QY x[0,00) > [0,00); &N, 0) > PyixN,0).

In the following, we will write x"V as a shorthand notation for a collection of positions
X1,...,xy € £, and time is denoted by + > 0. Note that Py is a simple function of time
t but a probability density in the spatial coordinates x, i.e., Py (x", ) is the probability
density of finding particles at positions x” at time ¢. Hence, at any time ¢ > 0, the integral
over Q¥ is normalized,

/PN(xN,t)de =1 2.1
Here and in the following, each unspecified integral is over the full domain.

We obtain the (reduced) n-body densities p, : 2" x [0, c0) — [0, c0) withn < N from
the symmetric N-body probability density Py by applying the n-body density operator:

putao = [ PyOYon 3 s =) - ) dy”

i1 £ Fin
= m Py(y",)8(x1 —y1)...0(xn — yu) dy :
N! _ _
:m/PN(x",yN nat)dyN "
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where § denotes a Dirac delta distribution. In the following we use the usual shorthand
notation for the number density p := py.

The interaction between the particles is given by a two-body force K» : Q% — R,
which consists of a (time-independent) pair potential U : 2> — R and a divergence-free,
non-conservative force Q : Q2 — R ie., Ko(x,y) := =V, U(x,y) + O(x, y), where
Q(x,y) and K;(x,y) denote forces of a particle at y acting on a particle at x, and V,
denotes the differential operator nabla with respect to the x coordinate. As usual, the pair
potential is symmetric and only depends on the relative distance, i.e., we define U (x — y) :=
U —y,0) = Ux,y) for x,y € Q. We assume that K» € C!(£?) and that K, is
continuously extensible to 92 (and hence also bounded).

The many-body system is also subject to an external potential V : Q x [0,00) — R
that is twice continuously differentiable in space (i.e., for t+ > 0, the function
Vi1 Q = Ryx = V(x,1t) is in C3(Q)) such that V,V; : @ — RY, x > V,V(x,1)
is continuously extensible to d2. (Note, however, that our bounded system can be phys-
ically interpreted as being confined within hard walls via the boundary conditions that
may be interpreted as an infinitely steep potential on 92 in addition to V.) Furthermore,
we consider a divergence-free, non-conservative, one-body, time-dependent external force
R :Q x[0,00) - RY. We again assume that R, : Q — RY x — R(x,1) is in C1()
and continuously extensible to d€2. We combine these contributions in the definition of the
external one-body force Ki(x,t) := —V,V(x,t) + R(x, 1).

The evolution of Py under these forces obeys the following N-body Smoluchowski equa-
tion:

N N
0PNGN ) =D VEPNGN, ) = DBY Yy [PuGN 0FniN 0], @)

i=1 i=1

where the inverse temperature B8 and diffusion constant D are fixed and the total force
Fni: QN x [0, 00) — R? on particle i € {1,2, ..., N}is defined as

N
Fyi G, 0) = KiG 0 + ) Ko, x)). 24)
j=1
J#
The same definition of Fy; holds for any number of particles, say n < N.
Let us also point out here that the index i always refers to the ith argument,
eg, Fupinr (X", y,0) = K1(y, 1) + Z;%:l K> (y, xj).
In shorthand notation, we combine all forces into a single vector F’ NN x[0,00) > RN

(and analogously define the differential operator nabla V,~). We, moreover, define the N-
body current field Jy : QN x [0, 00) — RV as

INGN, 1) := =DV v Py (N, 1) + DBPN (XN, ) Fy(xN, 1)
that obeys the continuity equation
dPNGN, 1) = -V nIneN, 1), (2.5)

which is then equivalent to the Smoluchowski equation. By defining the Smoluchowski
operator

N
Ox =D Y Vi [Voy = BFys".0)],
i=1
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we can write the Smoluchowski equation (2.3) more succinctly as
0Py (N, 1) = Oy Py (N, 1) (2.6)

For our derivation of a reduced Smoluchowski equation for p, (x", f) in the next section, it
is useful to define partial Smoluchowski operators as

n
Opy =D Y Vi [V = BFvi" 0}

i=1

N
Ofy=D Y Vy {in —,BFNJ(xN,t)}.
i=n+1

The behavior of the system is determined by an initial value boundary problem
that, in our case, is defined by the Smoluchowski equation (2.6), the initial condition
P](VO) QN S5 RN P;,O)(xN) := Py(x™,0) at time r = 0 (for all spatial coordi-
nates), and a boundary condition on 92 (for all times). Since we here consider a system with
a fixed number of particles, a natural choice is that there is no N-body flux in or out of the
system, i.e.,

n(xM vV, 1) =0, forall xV € 9QV, .7

where n(x") denotes the outward unit normal on Q2" . Another prominent example (espe-
cially for simulations) are periodic boundary conditions. In both examples, the number of
particles is conserved.

We say that a solution Py is well behaved if it has the following properties:

(i) Py € C2(QN x [0, 00)), i.e., for t = 0 twice differentiable from the right-hand side;
(i1) Py and V,n Py are continuously extensible to RIoAR
(iii) 8Py, OnPy, Oy Py, ViKa(x,y) and Vv Py are bounded forall n = 1,2, ... N;
(iv) the average n-body interaction force E, ; : Q" x [0, oc0) — Ronparticlei € {1, ..., n}
that is defined by

mﬂﬂxwzfmﬂu%»n&uhw@z 2.8)

exists and is continuously differentiable on 2" and for t > 0. For convenience, we also
define E, ; = 0 for n > N. The index is analogously defined to that of the force F}, ;.

Here, we always assume the existence and uniqueness of a well-behaved solution. Even
though a proof of existence and uniqueness is beyond the scope of this paper, we briefly
discuss a possible approach at least for a proof of existence and conditions that can be
expected in the outlook.

The main question of this paper can now be summarized as follows. Consider N particles
with known interparticle interactions and non-conservative forces. Given the initial conditions
PI(\,O) , does the density p as a function of time and space uniquely specify the potential V, or in
more mathematical terms, is amapping from p to V well defined? As noted in the introduction,
the question about a “unique potential” here refers to whether the density—potential mapping
is well defined (not whether it is injective).

@ Springer



Foundation of classical dynamical density functional theory:... Page70f27 59

3 Hierarchy of reduced Smoluchowski equations

In the physics literature, boundary terms are often neglected in the derivation of a reduced
Smoluchowski equation [34]. These boundary terms may be essential, however, to derive
necessary conditions for a unique density—potential mapping (since non-unique loopholes
involve diverging external potentials).

We, therefore, first derive a reduced Smoluchowski equation paying special attention to
the boundary terms. Moreover, since we do not rely on the adiabatic approximation but
instead consider the exact dependencies between n-body densities, we derive a complete set
of reduced Smoluchowski equations for all orders.

Theorem 3.1 The reduced n-body density p, with 1 < n < N obeys the following reduced
Smoluchowski equation:

n
pn(x", 1) = DZVX,' {[Vx,- - lan,i(xn» t)] pn(x", 1) — ﬂEn,i(xns f)}
i=1

+D fm {[Vy = BFas 11 " 3. 0] g1 6" 3. 1) = BEps 1 na1 2", y. 1)} dS(),
3.1)

where the last term represents a surface integral with respect to the outward unit normal
vector.

Proof Under our assumptions, we can apply the n-body density operator to the N-body
Smoluchowski differential equation (2.6). First, we use

N!
B pon(x", 1) = v ),fazPN(X" yN dyN "

and @N = @H_’N + @ZN to obtain

NI
B pn(x" 1) = (N )'/OnNPN(xn VT dyN "
N! A+ n (N—n N-n G-
=t ) CrwEnaty ) dy”
To simplify the first term on the right-hand side, we note that
N—n
Oy =0, —DﬁZVx, > Kalxiny))
i=1 j=1
and hence
N Py, YN 0 dyN T = Oppa (X", 1)
Wy | O Pw Gy Yoo T
33
N! N—n N—n ( )
_Dﬂm val Pyv(x",y t)ZKZ(xz»YJ) dy™ ",
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Using the average n-body interaction force E, ; from (2.8), we can further simplify the
remaining integral:

NI n N—n
W/ZV“‘* Py" YN0 Y Ka(xiyg) | dyN "
=1 j=1

n N—n N‘
- : noyN=n . . N—n
_Z;in/; mPN(X YN DK (xi, v dy

n
_ N! n N—(n+1) N—(n+1)
_;VXI/IMJ’_I)]!/PN(X ,» YV, Z 7t)dZ Kz(xl,y)dy

n
=) Vi Eni(x", ).
i=1
Inserting this result in (3.3) and finally in (3.2), we have

n
3on(x", 1) = Onpu (X", 1) = DB Y Vi Eni(x", 1) + B(&", 1),
i=1
where we define the boundary term by
N!

B()Cn, f) = m / @ZNPN(-X”; nyn, t)dyNin

N—n
N! _ _ _
=Dm/ E Vy, [Vyi — BFN i (", YN n,l)]PN(X",yN 1) dyN "
ol

N! -
= Di[N T f;ﬂf {Vy — BFy a1 (", y, 2N ("H),t)}
X PN(X”, y’ ZN*(VL“rl), t) dZNf(}%Fl) dS(y).

The last equality holds by the divergence theorem. To prove (3.1), it remains to show that
N!
N V. _ BF X"y, N-D }P X"y, N0+ gy g N=( D)
o ) {5 B )} Py, y )
= [Vy - ,BFn+l,n+1 (xn’ Yy, t)] Pn+1 (xnv Yy, t) - ﬂEn+1,n+1 (xn, Yy, t)'
This assertion follows from the fact that

N—(n+1)
FN,I‘l+l(xn7 yﬁzNi(rH»l)’t):Fn+1,f’l+1('xn’ yvt)+ Z Kz(y,Zj)
j=1
and (forn < N — 1)

N! /Nfl)K ( )Py (x" N—(n+1) 1d N—(n+1)
N—m+Dn) & BRSNS e
= L/Kz(y,z)/PN(x”,y,z,vN_("+2),t)va_("+2) dz,
[N —(n+2)]
where the last expression is, by definition, equal to E, 1 »+1(x", y,1). ]
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Remark 3.2 The two expressions in curly brackets in the first and second line of the reduced
Smoluchowski equation (3.1) for p, are those of the YBG hierarchy [27, Sec. 4.2] for order
n and n + 1, respectively. In equilibrium, the two expressions always vanish, which is in
agreement with 9, 0, (x", 1) = 0 for all x* € Q" and ¢ > 0. Out of equilibrium, the boundary
terms vanish for all orders if and only if the YBG hierarchy holds on average at the boundary.

We can formally extend the reduced Smoluchowski equation (3.1) ton = 0, where pg x N
corresponds to the number N of particles and the right-hand side only consists of the boundary
term, which then corresponds to the first member of the YBG hierarchy. If this boundary
term vanishes, the equation o N /9t = O directly reflects particle conservation.

In the following, we denote the components of Jy that correspond to the ith particle by
Ini: QN x [0, o) — R4 (withi =1, ..., N). We are interested in physically relevant
boundary problems for which the following condition holds

/vx,. Ini (N ) dx; =f Ini(xN, 0 dS(x) =0, foralli =1,...N. (3.4)
Q2

This condition guarantees that a time-dependent version of the YGB hierarchy holds on
average at the boundary for all orders.

Proposition 3.3 If (3.4) holds, then the boundary term in (3.1) vanishes for alln < N.

Proof Combining Fj, 1, ... F, , into one vector-valued function F, : Q" x [0, co) — Rdn
(analogous to Fy) and E, 1, ... E, , into E, : Q" x [0, c0) — R9" | we define the n-body
current J,, : " x [0, 00) — R9I" as

Ju(x", 1) := =DV p, (x", 1) + BDp, (x", ) Fy (x", 1) + BDE,(x", 1).

We use the similar notation as by Jy ;. Then (3.1) can then be rewritten as

B on(x", 1) = =V Jy(x", 1) —7§ Jist 1 (", y, 1) dS(y). (3.5)
2
Analogous to the proof of Theorem 3.1, we obtain fori = 1,...,n
N —n)!
/ Ini N ayN T = %Jn,i(x", )

and thus obtain for the boundary term in (3.5):

75 ettt (€7 3,1 dS(Y)
0

N! e e
:m/f INap1 (" y, 2N dS(yyd?N T =0,
—n): a0
where the last equation holds due to (3.4). O

In the following, we always assume that (3.4) holds. For example, this condition is guar-
anteed both by (2.7) or by periodic boundary conditions. Thus, we recover the well-known
(reduced) Smoluchowski equation for the one-body density:

dp(x, 1) = DVX{pr(x, 1)+ Bpx, )ViVi(x, 1) — Bo(x, HR(x, 1)
(3.6)

- ﬂ/}o2(X, Vs t)KZ(-xv )’)dy}
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More generally, for the n-body densities, we obtain:

n
8tpn(xn7 t)=D va,- {inpn(x", )+ ﬁpn(x", t)inV(x,', ) — .B)On(xna HR(x;, 1)

i=1
n
— B ) Ka(xi,x)) — B / i1 (X", 3, K2 (xi, y) dy}. (3.7)
y
Based on (3.6), we define the one-body current j : 2 x [0, c0) — R? as
Jjx,t):==DVyp(x,t) — DBp(x, )V, V(x,t) + DBp(x,t)R(x, 1)
+ Dp / p2(x, y, )Ka(x, y)dy,
(3.8)
so that it obeys the following continuity equation

op(x,1) = —Vij(x,t).

Our definition (3.8) is equivalent to the ensemble average of a current operator [50].
We define the normal one-body current j; : 92 x [0, c0) — R at the boundary via an
extension of j from (3.8) to 9€2:

Ji(x, 1) :=n(x)j(x, 1)
= —n(x)DV,ipx,t) —nx)DBp(x,t)V,V(x,1t) (3.9)

+n(x)DBp(x, HR(x, 1) +n(x)Dp / p2(x,y, Ka(x, y)dy,

where n(x) denotes the outward unit normal on 92 at x. By property (iii) of a well-behaved
solution and by the type of forces that we consider, j; is well defined. As before, the product
of vectors is consistently interpreted as a scalar product.

Boundary condition (2.7) of a vanishing normal N-body flux also implies a corresponding
condition on the one-body current:

Ji(x,t) =0 forallx € 9Q2,7 > 0. (3.10)

Intuitively speaking, the normal component of the one-body current field vanishes at the
boundary 0€2. It is a common boundary condition in physics. In the following, any boundary
condition that implies (3.10) is called a no-flux boundary condition.

4 Uniqueness theorems

We now turn to the central question of this paper. Given an initial condition Pli,o), does p
uniquely specify V, i.e., is a mapping from p to V well defined?

There are two obvious limitations to uniqueness. First, the mapping can only be unique
for x € Q where and when p(x, ) > 0. Variations in V outside the support of p, i.e., within
the complement of the set supp(p) := {(x,7) € Q x [0, 00) : p(x,t) > 0}, do not change
the time evolution of the system as determined by the Smoluchowski equation. Secondly,
adding a time-dependent constant to the potential does not change the time evolution either.
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We can combine both limitations in a single statement, i.e., if the difference of the potentials
is a time-dependent constant on the support of p, then it has no effect on the density.

Definition 4.1 Two external potentials V and V' are said to be diffusion equivalent,
V ~ V’, for a given one-body density p if the difference dy : Q x [0, 00) — R; (x,1)
dy(x,t):=V(x,t) — V'(x, ) is only a function of time on supp(p).

(For example, for d = 1 and p(x,t) = 1, V(x,t) = 0 is diffusion equivalent to
V’'(x,t) = sin(t) but not to V”(x,t) = sin(x).) This definition allows us to formulate
our strategy of proof more specifically. In the following, we consider two systems with
densities p and p’ and with external potentials V and V’. Both systems start from the same
initial condition P;,O) , and they have the same boundary conditions, pair potentials, and non-
conservative forces.

Our aim is to derive conditions for which an equivalence of p and p’ implies diffusion

equivalence of V and V’, or in other words that the difference
dy(x,t):=V(x,t) = V'(x,1) 4.1

is diffusion equivalent to a function that is identically zero. For convenience, we will actually
show the contrapositive. If the two potentials are not diffusion equivalent, then the densities
must differ, and thus p determines V.

A key step in the proof is to reduce the question of a unique mapping to that of the unique
solvability of a (semi-)elliptic PDE. As discussed in the introduction, this approach is partly
similar to the argument by Runge and Gross (or Chan and Finken) [8, 46], but it differs in
that we use the hierarchy of reduced Smoluchowski equations from Theorem 3.1. We also
pay close attention to a rigorous treatment of the boundary terms. Additionally, we prove that
a no-flux boundary condition always implies uniqueness.

The main advantage of our strategy is a physically intuitive proof that helps to clarify the
essential physical questions. This intuition comes at the price of two additional assumptions
that could possibly be avoided by alternative methods, like a fix-point scheme that has already
been employed in the quantum case [44, 45]. We summarize these two assumptions via the
following definition.

Definition 4.2 We call a many-body system analytically accessible if the following condi-
tions hold:

(Al) the external potential V is real analytic in time for + > 0, and for each
k € No, %V e C*(Q x [0,00)), and 3*V(-,+ = 0) is continuously extensible to
082;

(A2) the n-body densities p, foralln = 1,2, ... N and non-conservative one-body forces R
are infinitely often differentiable in time from the right at + = 0, and for each k € Ny,
3k py € CH(Q" x [0, 00)), and 3% p, is bounded, and 3* R € C'(Q x [0, 00)).

More specifically, concerning conditions (A1), by including the start time t = 0, we
assume that the potential is right differentiable; and since for each x € €, the function
Vi 1[0, 00) = R, t — V(x, t) is real analytic, the corresponding Taylor series at the origin
converges in some neighborhood of 0. Hence, the derivatives at the origin uniquely specify
the potential at all times (according to the identity theorem for analytic functions). With
regards to conditions (A2), note that we do not require p, to be time analytic.

Proposition 4.3 The N-body probability density Py (x™,t) > 0 for x¥ € QN and t > 0.
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Proof Due to (2.1) fort =0, f Pji,o) (xNydxN = 1 and since P/i,o) Ny > 0, the support of
Pli,o) is not empty and there exist a va e QV with PIS,O) (va) > (. Suppose Py (x(})\', 1) =0
for one xév e QN and 19 > 0. S_ince 2 is open and connected, there is a connected domain
D compactly contained in (D C Q) with x{, xI¥ € D¥. From Py (x{', to) = 0 follows
inf v py Py(xN, 19) = 0.
According to Theorem 10 in [19, Chapter 7.1], we obtain for 0 < ¢ < 1y that
sup Py(xV, 1) <C inf Py(xMN, 1) =0 4.2)
*NepN xNeDVN

with a constant C that depends on DV 1, 1o, and the coefficients of @N. Theorem 10 in [19,
Chapter 7.1] assumes continuous coefficients of the parabolic differential equation, i.e., the
assertion only holds for potentials V € C2(R2), R € C(R), and K» € C(Q? x [0, 00)),
and diverging potentials are excluded; all of which is in agreement with our assumptions in
Sec. 2.

By (4.2), Py(xN,t) = 0 forall xN € DY and 0 < ¢t < fy and specifically
Py(xV, 1) = 0. Since Py € C(QN x [0, 00)), we have Py(xY,0) = P\ (xV) = 0,
which is a contradiction to Pji,o) (x{v ) > 0. Therefore, Pxy(x™,?7) > 0 and accordingly
p(x,t)>0fora11xNeQN,erandt>0. O

To simplify our proofs, we assume in the following that PI(\,O) (x¥) > 0 holds for all
xV e @V, which we here denote by Pli,o) > 0. With Proposition 4.3, this assumption is
innocuous from a physical point of view.

Since we assume that the potentials are analytic, we will consider the time derivatives of
their difference, i.e., we define d\(,k) : Q2 — Rfork € Ny:

x> dP ) = dFdy (x, 1) .

Because V and V' are analytic in time and supp(p) = Q x [0, 00), V and V' are diffusion
equivalent if and only if V,dy (x,7) = 0 for all x € Q and ¢ > 0, which is equivalent to
deg‘) (x) =0forall x € Qand k € Ny. Let V and V' be not diffusion equivalent; then
there exists a smallest non-negative integer, say /, for which Vdg) £ 0.

The proof of our theorems rests on the following lemma. Importantly, it allows an exact
treatment of the average n-body interaction forces for all orders of n (via the hierarchy of
reduced Smoluchowski equations).

Lemma 4.4 Given two analytically-accessible many-body systems with identical initial con-
ditions Pli,o) > 0 and boundary conditions. Let their external potentials V and V' be not

diffusion equivalent, and denote by | € Ny the smallest integer for which Vd‘(/l) # 0. Then
O [on(x™, 1) — ply(x", z)]’ o= 0 foralln=1,2,...,Nandk=0,1,...,1 (4.3)
=

and

o o0 = p'r.0]| = DBY: [p, 0)V:d ). (44)

t=

Proof We first prove (4.3) by an induction-like argument. This equation obviously holds for
k = 0 by (2.2) because both many-body systems start from the same initial condition Pji,o) .In
the case / > 0, assume that (4.3) holds forallk = 0, 1, ..., m for some m < [. We must now
verify that (4.3) also holds for k = m + 1. Therefore, we subtract the reduced Smoluchowski
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equations (3.7) for the n-body densities of the two many-body systems, take m additional
time derivatives and evaluate the derivatives at t = 0:

n
o Lo 0 = o 0] =D 21 V2O [ ) = g 0] @sa)
i=
n

+ Dg Z Vi, 0" [on (X", )V V(xis 1) — (", DV, V (xi, 1) ] Lio (4.5b)
i=1 -

— DB Z Vi, 0" [on (X", 1) — pl (x™, )] R(x;, t)’lio (4.5¢)
i=1 -

DB YV o [patamn) - pre, 0] Kot x)) (4.50)
i,j=1 -
j#i

—DﬁZVx, [ o oty = i 67| Koty @0

The terms (4.5a) on the right-hand side, (4.5d) and (4.5e) vanish directly since (4.3) holds for
k = m by our induction hypothesis. For the remaining derivative in the second term (4.5b),
we have

3Im [pn(xn, DVx; Vi, 1) = p’/q(xn, DVx; V/(xi, t)]‘z:O

m
my ok am—k ok 1 —ky,7

-y <’Z) [a,’fp,,(x", t))tzovx[d‘(/m_k) (xi):l : (4.6)
k=0

where the last equality holds again because of our induction hypothesis, i.e., we apply (4.3)

for k < m. Now, since Vdgc) = 0 forall k < m < [, assertion (4.3) follows for all
k=0,1,...,1. For (4.5¢c), we consider

o [on(x", 1) = " D] R _
_ 4.3)
—Z< )ak pn(x", ’)‘pé(x"”)]\,zoarm ‘Raxi,n| =70,

To prove (4.4), we subtract the reduced Smoluchowski equations (3.6) for the one-body
densities of the two many-body systems, take / additional time derivatives and evaluate the
result at t = 0:

o [, ) = p'(x, ’)]Lzo =D Vi3 [p(r0) = p(x, t)]',=o
+ DBV [P, OV V(1) = o DV 0] |

— DBV, 3! [p(x, 1) — p'(x, O] R(x, t)‘t=0

- D VX/E),’ [pz(x,y,t)—pé(x,y,t)]‘[:OKz(x,y)dy-
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The first and last term on the right-hand side vanish by (4.3) and the third term vanishes like
(4.5¢). Thus, we have

o [oCe = p'n]| = DBV} [p(r OV V(1) = o, ViV ()]

=0 =0

1
I\ Tk I—k ko Ik,
=D/5ka;)(k> [3,p(x,t)’t:0Vx3t V(x,t)‘lzofatp(x,t)‘t:()vxat V(x,t))tzo]
l

=DBVx Y. (f{) [0 o] _ Vaay P ).
k=0

where the last equality holds again by (4.3). Since Vdg_k) =0forall 0 < k <, we have
proven (4.4) which concludes the proof. ]

The n-body densities p, with n > 1 are highly relevant for the correct time evolution of
the one-body density p. The preceding lemma provides control over these contributions since
(4.3) holds for all n > 1 and their derivatives up to order /. As an important consequence,
(4.4) and hence our final results on uniqueness have no explicit condition on p;,. Our proof via
an induction-like argument reflects the hierarchical structure of the reduced Smoluchowski
equations for pj.

Next, we state and prove our first main Theorem 4.5 with a general and quite formal
condition for uniqueness. We then verify this condition for no-flux boundary conditions in
our central Theorem 4.6. The general condition of Theorem 4.5 is still useful to easily adapt
the proof to other boundary conditions as in Corollary 4.8.

Theorem 4.5 Given two analytically-accessible many-body systems with identical initial
conditions Pli,o) > 0 and boundary conditions. Let their external potentials V and V' be
not diffusion equivalent, and denote by | € Ny the smallest integer for which deg) Z£0.

If
@ @ _
$ o0 (09, codse) =0, @7)
IR
then the two resulting densities are different, i.e., p # p’.

Proof By condition (A2), all time derivatives of p and p’ exist. Thus if
of [otr.) = p'(x.0)]| _ #0.

for some k € N, then the densities are different. Consider the case k = [ + 1. According to
(4.4) from Lemma 4.4, it suffices to show that

V. [p, 0V )] 0. (4.8)
Suppose, on the contrary, that dg) (x) # 0 1is a non-trivial solution of the PDE:

v, [,o(x, O)de‘(/l)(x)] =0. 4.9)
Now, consider the following integral

/d‘v’)(x)vx [p(r. 0V.d) ()] dx
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- _ / p(x,0) [vxdg)(x)f dx + 739 p(x, 0)d? (x)V,d? (x) dS(x)

using partial integration. By our assumption, the surface term vanishes, and we obtain
dP )V 0OV, dP (x) | dx = — 0 [ved® )]’
v x| p(x,0)Vy % (X)| dx = p(x,0) [ Vy % (x)| dx.

Since Vdg) # 0 and p(x,0) > 0, the right-hand side is strictly negative. Therefore, the
integrand on the left-hand side cannot vanish for all x € €2, which in turn implies (4.8). O

From Theorem 4.5, we can distinguish different cases of uniqueness based on the behavior
of p close to the boundary. In fact, condition (4.7) could, in principle, allow for diverging
densities if the gradient of the potential difference vanishes fast enough. We will discuss such
cases in the next section. Note, moreover, that condition (4.7) can be immediately generalized
to a non-positive surface integral (which is, however, less physically intuitive).

Now, we consider the physically-intuitive no-flux boundary condition from (3.10) and
show that it guarantees condition (4.7) from Theorem 4.5 for any V and V' which are not
diffusion equivalent. This proof allows for an explicit uniqueness theorem.

Theorem 4.6 For an analytically-accessible many-body system with initial condition
P,i,o) > 0 and no normal flux j, at the boundary 0S2, the density p uniquely determines
the external potential V (up to diffusion equivalence).

Proof As discussed above, we want to show that the density—potential mapping is unique,
i.e., p = p’ implies V ~ V’, by proving the contrapositive, i.e., if V and V' are not diffusion
equivalent, then p (x, ) must differ from p’(x, ¢) for some x € Q and ¢t > 0.

Let V » V' and [ denote the smallest integer for which Vdg) # 0, as in Theorem 4.5. To
show that p # p’, we have to show that condition (4.7) holds. Since the normal flux is zero
for the two many-body systems, subtracting (3.9) for the two systems yields

0=~ Dn(x)Vilp(x,1) = p'(x,1)]
— DBn()[px, ViV (x, 1) = p'(x, ) Vi V'(x, 1)]
+D,Bn(x)[,0(x,t) —p/(x,t)]R(x,t)

+ D) [1oar.3.0) = pytr. . D1Ka(x, ) dy
for all x € dQ2. By applying / subsequent time derivatives and (4.3), we get
n(x)d;[p(x, DV V(x, 1) = p' (x, NV V/(x, 1)] = 0,
and
n(x)p(x, 0)Vedy (x) = 0

follows by the same argumentation as in (4.6).
Since 8,1 Vix,t) | =0 and 8,1 V'(x,1) ‘ (o are continuously extensible to €2, and since €2 is

bounded, dg) is bounded on 0€2. Thus, we obtain:
n()p(x, 0)dy’ (¥)Vidy) (x) = 0

forall x € dS2. Therefore the integrand of equation (4.7) vanishes, which proves the assertion.
O
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Remark 4.7 Theorem 4.6 can be readily extended to other boundary conditions that prescribe
the normal flux at d€2, provided that the boundary terms in (3.1) remain zero. However, when
applying such conditions to our general N-body framework, where each particle is conserved
according to the Smoluchowski equation, one must carefully verify that these conditions are
physically meaningful and well-defined.

In general, such nonzero boundary fluxes would require source and sink terms already
in the N-body Smoluchowski equation (2.3). Alternatively, a prominent example where
(dynamic) flux through the boundary can be considered a common behavior of the evolving
system are periodic boundary conditions (in which case the Smoluchowski equation would not
need to be modified). Such boundary conditions are typically used in computer simulations.

Theorem 4.6 together with Remark 4.7 capture a generic case where the density and
the normal flux at the boundary together uniquely specify the external potential and hence
all higher-order correlations. This assertion is consistent with the PFT framework, where
the density and current together yield a complete statistical description of a time-dependent
many-body system [50, 51]. However, our result is less restrictive since we only need to fix the
normal flux at the boundary. In fact, an alternative formulation of our uniqueness theorem
is possible, which only involves the current without further assumptions on the boundary
condition.

Corollary 4.8 For an analytically-accessible many-body system with initial condition
P](VO) > (0, the one-body current j uniquely determines the external potential V (up to diffusion
equivalence).

Proof Consider two potentials V ~ V' and [ denote the smallest integer for which Vd{,[) #0.
Now let p and p’ be the densities that result with the external potentials V and V'’ with initial

condition P;,O) and identical boundary conditions, which satisfying conditions (A1) and (A2).
By (3.8), we have

j(xa[) - j/(x7t) = - DVX [,O(.X,[) - lol(x7t)]
— DBp(x,1)Vxdy (x,1) = DB [p(x,1) = p'(x, )] Vi V/(x, 1)
+ Dﬂ [p(x7 t) - ,0/()(, t)] R(X, t)

+Dﬂ/[pz(x,y,t)—pé(x,y,t)] Ky(x,y)dy.

Now consider

AVERETEN) —D[af [pte.0) = o', )]

t=0

l
[
B, (k>a,’—kp(x, RS
k=0 B

[

I\ ., , /
+8Y <k>af low.n—p'en]| _ vaofvicen|

l /
ny <k>3tl_k (o0 = .| ot R ol

~ T

=B | 3 [p2(x.y. ) — ph(x. y, t)]‘t:oKZ(x’ y) dy].
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From Lemma 4.4 and p(x, 0) > 0 follows

8; [j(x,f) —j/(x,t)]‘ 0 = _D,B,O(X,O)de‘(/l) % 0.

t=

Thus, following the proof of Theorem 4.5, we have j # j'. O

Remark 4.9 The condition (4.7) for uniqueness in Theorem 4.5 depends on the difference dy
of the potentials, as expected from the arguments in quantum mechanics [45, 46]. Intuitively
speaking, the uniqueness of the potential V thatrealizes p is stated (only) in a “neighborhood”
of V, i.e., within a space of admissible potentials defined by (4.7).

In contrast, Theorem 4.6 and Corollary 4.8 make no explicit assumption on dy . Instead,
the conditions on the current (at the boundary) allow for a “global” statement because they
exclude all potentials outside this “neighborhood” of V. (There is, of course, still the addi-
tional assumption of smooth potentials according to our method of proof following Runge
and Gross [46].)

Since we assume in condition (A1) in Definition 4.2 that the potential and its time deriva-
tives are continuously extensible to d€2, we exclude potentials that diverge at the boundary
d€2, but recall that hard walls, which are a common choice for an external potential in physics,
are here represented via our bounded domain €2 and the no-flux boundary conditions. Def-
inition 4.2 only restricts any additional (time-dependent) potential within the domain. For
unbounded systems, it will be interesting to relax condition (A1) in future work (e.g., via a
limit for infinite system sizes).

Note that in the proof of Theorem 4.6, the only explicit requirement is that the difference
d‘(/l) does not diverge on d€2. Hence, it is promising to consider a larger space of external
potentials, in the sense of Remark 4.9, where V and V' may diverge at the boundary while their
difference d‘(,l) remains finite on 92 so that uniqueness is still preserved in a neighborhood
of V. Moreover, we expect that our results can also be generalized to non-integrable density
profiles to include such a simple case as the homogeneous bulk. We illustrate these scenarios
in the examples below.

5 Loopholes to uniqueness

Our explicit conditions for uniqueness imply cases where a violation directly results in non-
unique potentials, i.e., a density profile that can be realized by two different external potentials
(which are not diffusion equivalent). According to Remark 4.9, such non-unique potentials
have to differ strongly, in the sense that they violate (4.7). Theorem 4.5 obviously makes no
direct statement about how to construct such potentials. However, the proof structure provides
cues on their existence, as the uniqueness of the density—potential mapping is essentially
equivalent to having only trivial solutions of the elliptic PDE (4.9). This insight allows us to
specify a constructive method of non-unique potentials for the ideal gas or, more generally,
under the adiabatic approximation [5, 38, 53]. The latter assumes that the two-body density
p2(x, y, 1) is a functional of the one-body density p(x, ¢) at the same time ¢. The resulting
“loopholes” can also be illustrated for unbounded systems and non-integrable densities.

A generic procedure to construct explicit loopholes to uniqueness that violate (4.7) follows
directly from (3.6) and the assumption that p; is a functional of p. In that case, (3.6) is a
closed equation in the sense that it only depends on p and not on p, with n > 1. By taking
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the difference for two systems with distinct external potentials V' and V, we obtain a PDE
similar to (4.9) but for dy, as defined in (4.1), instead of its expansion coefficients:

Vilp(x, t)Vidy (x,t)] =0forall x € Q2,t > 0. 5.1

Precisely, we start with a system with given external potential V’ and a prescribed boundary
condition on the normal flux according to Remark 4.7. Then, we can add to V’ a nontriv-
ial solution of (5.1) without changing the density profile, i.e., the resulting potential V of
the new system gives rise to p(x, t) = p(x, t). However, the expression in (5.1) results in
a divergence-free difference j(x,t) — j'(x,t) = —DBp(x, 1)Vyidy (x, t) of the one-body
currents in the two systems. By construction, this distinct current j of the new system vio-
lates our condition for uniqueness in Theorem 4.5 (and also contradicts our requirement in
Theorem 4.6 and Remark 4.7), so that, consistently, the external potential can no longer be
expected to be unique.

The construction of loopholes according to (5.1) can be made even more explicit if the
density is effectively one-dimensional (i.e., homogeneous in all coordinates but one). In that
case, the elliptic PDE (5.1) reduces to a Sturm-Liouville problem [59], which can be solved
explicitly:

X ooe(t)

dy(x,t) = / dy 5.2)
X0 IO ! (y ) t )

with xo € €2 and c(¢) being a purely time-dependent constant. This additional external

potential leads to the new (effectively) one-dimensional current

JjGe,t) = j'(x,1) = DBe(t)

in x-direction. Only ¢(¢) = 0 results in a potential that does not violate condition (A1), and
in that case, the additional current vanishes, —DBc(t) = 0.

The procedure to construct non-unique potentials for an ideal gas (5.2) is carried out
in the following example, inspired by [37], where we consider the bounded domain
Q = [-7m/2,7/2] C R. For the rest of this section, we set all constants to one by our
choice of units (i.e., without loss of generality).

Example 5.1 (Bounded systems) Consider an ideal gas in (effectively) one dimension that
is trapped in a bounded domain Q@ = [—n/2, /2], e.g., via hard walls, but without an
additional potential inside the domain, i.e., V' (x, ) = 0. Since the system is in equilibrium,
there is no current j’'(x, t) = 0, and the density p’(x, r) = 1 is constant in space and time;
see Fig. 1 (a).

If we add an external potential according to (5.2),

dy(x,1) =c(t)x,

the potential gives rise to a current j'(x, r) = —c(¢), which may vary in time, but which is
spatially homogeneous. Therefore, it preserves the homogeneous density p(x, ) = 1 even
though particles get transported through the system.

Obviously, such a current violates the no-flux boundary condition of hard walls (but it
may be realized by periodic boundary conditions, as discussed below).

Now, we consider another system, where the ideal gas is bounded by the diverging potential
V/(x, 1) = tan%(x). Its density is given by p’(x,t) = e~ @’ (™) To obtain a homogeneous
current that preserves the density profile, the added external potential dy has to diverge even
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J(z,t) =0 j(z,t)=0
Vi) =0 V/(x,t) = tan?(qf

Pz, t)=pz)t) = e~ tan®(@)

o (z,t) =|p(z,t) =1

— )z _ @ tan®(y)
u jz,t) =— fU ¢ dy

jlx,t) =—

(a) Bounded potentials (b) Diverging potentials

Fig. 1 Schematics of non-unique potentials for bounded domains (illustrated as within hard walls): We start
from the equilibrium solution p’(x, ¢) for non-interacting particles (a) without an external potential, i.e.,
V/(x,t) = 0; or (b) with a diverging potential V'(x,t) = tan? (x). Since the systems are in equilibrium,
j'(x,t) = 0. When a time-dependent potential dy (x, t) is added to the system (with c(¢) > 0), the density
profile remains unchanged, p(x,t) = o' (x, 1), but we obtain a spatially constant current j(x,t) # 0, as
indicated by the arrows at the bottom). Such a current requires a source and sink at the boundary, in violation
of our conditions in Theorem 4.6; see also Remark 4.7

stronger than the original potential, i.e.,

dy (x, 1) = c(1) / ) gy,
0
see Fig. 1 (b).

The preceding example illustrates a general principle. If the density vanishes at the bound-
ary, then the nontrivial solution dy must diverge. By construction, this results in a constant
current that preserves the density profile p = p’. Intuitively speaking, the trick is that the
new external force is inversely proportional to p, i.e., it pulls stronger where the density is
lower. According to Remark 4.7, the new current requires appropriate source and sink terms
at the boundary. Thus, in fact, there is no loophole for the original N-body Smoluchowski
equation.

Similar physically intuitive examples are available for an unbounded domain, i.e.,
Q = R. Note that whether 2 is (un-)bounded is not essential to the question of unique-
ness, as discussed above at the end of Sec. 4.

Example 5.2 (Unbounded systems with localized density profiles) Consider an (effectively)
one-dimensional ideal gas that is trapped in a harmonic potential, i.e., subject to an external
potential V'(x,) = x2 so that o(x, 1) = e‘x2; see Fig. 2 (a). The system is again in
equilibrium, and hence j'(x, ) = 0.

An additional external potential according to (5.2),

dy (x, 1) = c(t) /X e dy, (5.3)
0

quickly diverges for x — £o00. In (5.3), the potential dy has to diverge exponentially fast to
obtain the same density with different potentials. A slower divergence of dy suffices if the
density profile has a heavy tail, e.g., p’(x, 1) = 1/(1 + x2) for V'(x, 1) = log(1 4+ x?), in
which case dy (x, t) = O(x3) for x — o0, see Fig. 2 (b).
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J(z.t)=0 J(z,t) =0

V/(w,t) = a2 V'(2,t) = log(1 + %)

= clt) [ erdy =c(l)(z+ $2%)

jla,t) = — jz,t) =—

(a) Exponentially diverging potentials (b) Polynomially diverging potentials

Fig.2 Schematics of non-unique potentials for unbounded domains, analogous to Fig. 1 but now with potentials
(@) V'(x,1) = x2 and (b) V'(x, ) = log(1 + x2)

Even though a constant p’ defined on © = R is, strictly speaking, excluded from our
setting (which assumes N < 00), the construction principle according to (5.1) and (5.2) still
works. It provides an obvious loophole to uniqueness via a constant force.

Example 5.3 (Homogeneous bulk) Consider a homogeneous ideal gas in bulk with
o' (x,r) = 1 and, analogous to the first case in Example 5.1, add an (effectively) one-
dimensional potential dy (x,t) = c(t)x. Thus, we obtain a constant force that results in
a constant current proportional to ¢(¢) through the homogeneous system. This argumenta-
tion could also hold for interacting systems. However, a no-flux boundary condition again
excludes such a loophole to uniqueness.

Our procedure based on (5.1) and (5.2) can also be applied to systems with periodic
boundary conditions (representing a flat torus). In this case, the flux is typically not fixed at
the periodic boundary, but can change over time due to the intrinsic dynamics.

Example 5.4 (Periodic systems) Consider again an (effectively) one-dimensional ideal gas.
If the system is defined on a flat torus, the additional potential dy (x, t) is periodic and,
hence, discontinuous (at the boundary). This discontinuity is at odds with our setting of a
Smoluchowski equation with differentiable potentials. In contrast, the corresponding force
will be continuous. Such an example has already been numerically studied in simulations
of interacting particles, going beyond the adiabatic approximation, within the framework of
PFT and custom flow [11, 14]. In our case, the new potential violates our conditions for
uniqueness, as the resulting spatially constant change of the current also affects its value at
the periodic boundary.

While the density does not uniquely specify the potential in any of the aforementioned
examples, the one-body current does so, as the underlying principle of Corollary 4.8 still
applies in each case (as knowing the initial one-body density in our examples for an ideal
gas implies knowing the full initial N-body probability density). In this strict mathematical
sense, it is thus enough to know the current (together with the initial density), even if it takes
a simple form like j(x, 1) = —DpBc(2).

For general interaction potentials, p, will no longer be a functional of p, and our simple
procedure from (5.1) and (5.2) breaks down. Instead, the entire hierarchy of n-body correla-
tions from Theorem 3.1 has to be considered, in line with our proof of uniqueness through
Lemma 4.4. This necessity to properly account for superadiabatic forces [22] can be easily
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overlooked in the proof because it does not impose additional conditions on the uniqueness
theorem itself.

A practical way to resolve this problem of loopholes for systems with superadiabatic forces
is the so-called custom flow procedure [11]. It employs many-particle Brownian dynamics
simulations to numerically determine for a given density the potential (or, more generally,
even non-conservative forces) required to obtain a predefined flow profile; see also [14].

6 Physical implications

We have shown that the uniqueness of the potential can be inferred (i) from the density alone,
according to Theorem 4.6, see also Remark 4.7, or (ii) from the current alone, according
to Corollary 4.8. In both cases Pli,o) must be known since this initial condition is obviously
required for a well-defined behavior of an interacting many-particle system. What specifies
appropriate boundary conditions at the N-body level in general is related to the divergence
theorem and the continuity equation (2.5). Let Py and Py, be different N-body probability
densities that evolve from the same initial condition but differ in their time derivatives.
According to the divergence theorem and (2.5), an integral of d;(Py — P,/v) over QV is
equivalent to an integral of n(x¥)(Jy — J ) over dQN. Therefore, different probability
densities correspond to different normal fluxes, which means that a well-posed initial-value-
boundary problem requires an appropriate condition on the normal flux at the boundary.
Surprisingly, even in the presence of (known) non-conservative forces, the one-body density
suffices to formally recover the N-body dynamics under physically meaningful boundary
conditions, such as no flux, or, more generally, a fixed normal one-body flux.

Closely related to the necessity of full N-body initial conditions is our notion of a non-
instantaneous density—potential mapping in the following sense. Uniqueness here means
that V (x, ) for a certain point x € 2 and at a certain time ¢ is determined only if the
values p(y, s) (or j(y,s)) are given for all y € Q and 0 < s < ¢. The mapping is thus not
instantaneous (in the physical sense that only the quantities at time ¢ were known and not
their time derivatives). By requiring that our systems are analytically accessible, we imply
that p is specified throughout; in that sense, the potential at all times is determined by the
one-body density at all times.

Importantly, our results imply the existence of a theory solely based on the one-body
density (or current) which contains all higher-order information on the dynamical system.
While our method of proof does not provide a constructive recipe of an explicit theory, we
can use the insight gained to answer the following three essential questions on the adiabatic
assumption underlying standard DDFT and the general nature of an appropriate theoretical
framework.

Do our uniqueness theorems hold under the adiabatic approximation? First note that estab-
lishing a uniqueness theorem or assessing the performance of a density-based approximation
are two separate problems. In particular, the proof of uniqueness requires a well specified
model (and then no further approximations). Hence, we can distinguish two different points
of view: (i) Adiabatic dynamics are utterly flawed for interacting systems and the question is
uninteresting since the density obtained from solving the approximate PDE does not reflect
the actual physical system. Our rigorous statements are made for the exact dynamics. Hence
the question of applicability to an imprecise approximation is ill posed. (ii) If we take the
approximate adiabatic dynamics as the actual mathematical model to be studied, then our
theorems hold accordingly and their proofs shorten considerably. By definition, the adiabatic
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approximation assumes that the information contained in p determines Py at all times. Thus,
the proof of Lemma 4.4 considerably simplifies to the argumentation required for an ideal
gas because the induction step for showing (4.3) only needs to be laid out for n = 1 when
we use the functional chain rule. Likewise, simple analytic counterexamples can be derived
through (5.1) under the adiabatic assumption or for an ideal gas, see Sec. 5. In contrast, our
hierarchical proof of Lemma 4.4 is essential for the general problem and (5.2) cannot be used
to construct general loopholes because the actual dynamics of interacting particles is always
superadiabatic and the assumptions used to derive (5.1) do not apply.

In how far are the known drawbacks of adiabatic DDFT reflected in our proof? The
adiabatic approximation only uses the instantaneous density, which neither maps to the instan-
taneous potential nor provides accurate dynamics in general. To see this, we need to consider
explicitly what happens when solving Eq. (3.6). Our proof, with the help of Lemma 4.4,
explicitly takes into account the full hierarchy of p,, which ensures a proper transfer of the
full information contained in Py (-, t) to Py (-, ') at any later time ¢’ > 1, i.e., it reflects the
exact dynamics. In contrast, the adiabatic approximation amounts to express the right-hand
side of Eq. (3.6) in terms of a functional of the instantaneous one-body density p, such that it
does not contain the full information on its history. Formally, this approximation only allows
to propagate in time the information contained in p but not Py, which is equivalent to only
knowing the initial condition p (-, 0) instead of PIE,O). Strictly speaking, all Pli,o) which are not

given by a unique expression PZE,O) [p(-, 0)] provided by the presumed underlying equilibrium
mapping (to an effective adiabatic potential [10]) cannot be represented at all. With this loss
of generality, the density is not sufficient to properly describe the N-body dynamics in the
framework of adiabatic DDFT.

How can our results contribute to going beyond adiabatic DDFT? While our Theorems
assume the exact dynamics of the N-body system, any practical theory must operate on a
reduced set of variables, which usually requires a closure to remove the implicit (hierarchical)
dependence on other variables. Since our proofs are non-constructive, they do not directly
translate into an improved theory. Nevertheless, both our theorems and our proof strategy help
to clarify certain requirements. Based on our results, an appropriate DDFT (i.e., a theory,
solely built on the one-body density, that is fully closed in both space and time) should,
in general, use the full history of p to model the propagation in time. This indispensably
requires a (generally unknown) memory kernel. Generalized versions of DDFT utilizing
such a flow kernel have already been constructed for fluids under shear [7, 48, 49]. Likewise,
the framework of PFT formally introduces memory through the excess dissipation functional
as an extension of DDFT [50]. Explicit PFT approximations are provided in the form of a
functional of both the density and the current (or rather the velocity field), which is nonlocal
in space and time [12, 54] and a combination of PFT and neural networks can be used to
characterize memory effects [68]. In our induction argument for proofing Lemma 4.4, the
information on the N-body initial condition PZE,O) is propagated in time implicitly through the
n-body densities p, and no explicit account of the system history is needed (for analytically
accessible systems). Specifically, the knowledge of p, (-, 0) ensures a correct description of
8,”71 p (-, 1) att = 0 and can thus account for differences in the external potentials up to order
dg/" 2 in (4.4). Our proof thus illustrates that the full hierarchy of reduced Smoluchowski
equations feeds back on the time evolution of the one-body density in a unique way. This
argument suggests a minimal (or systematic) extension of adiabatic DDFT to include memory
on a time-local level by explicitly considering the dynamics of p; (or further higher-order
densities). A practical recipe to do so is provided by superadiabatic-DDFT [55-57], recently
introduced by Tschopp and Brader, who arrive by a different line of argument at the same
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conclusion. In [57], they argue that "within superadiabatic-DDFT the flow history of the
system is encoded in the current value of the nonequilibrium two-body density, without
the need for a memory kernel". Following our argumentation in response to the previous
question, such a theory would formally propagate in time the information contained in the
initial p(-, 0) and thus represent these superadiabatic correlations, as P,E,O) [p2(+,0)] is no
longer enslaved by p (-, 0), and thus provide a very good description for systems interacting
with pair potentials, which evolve according to Eq. (3.6). Indeed, this superadiabatic-DDFT
has been shown to yield significant improvement over standard adiabatic DDFT [55-57].

To conclude, the drawbacks of adiabatic DDFT are not related to violating uniqueness but
can be understood and overcome when considering the details of the proof related to supera-
diabatic correlations, see Lemma 4.4. Hence, while the density alone is often sufficient to
uniquely determine the generating forces, it is not a suitable basis (with currently available
methods) to construct a workable theory for obtaining reliable predictions. In turn, the cur-
rent approaches beyond DDFT can stimulate further interesting mathematical questions. For
example, one could investigate whether our inclusion of nonconservative forces provides
additional insight into the PFT-based structure-flow splitting of [13]. An alternative setting
of our problem, along the lines of superadiabatic-DDFT, is to find alternative conditions for
uniqueness using the two-body density instead of boundary currents.

7 Outlook

In this paper, we derive explicit conditions for a well-defined density—potential mapping under
the assumptions of analytical potentials and smooth densities. Given a well-posed initial value
boundary problem for the N-particle system, the external potential is determined by the one-
body density under a fixed boundary condition for the normal flux or, alternatively, from
the one-body current alone. We crucially supplement the argumentation of Chan and Finken
[8] by Lemma 4.4 and highlight the central role of initial- and boundary conditions. Our
rigorous proof thus provides the foundation of dynamical density functional theory (DDFT)
and clarifies the relation to its recent extensions.

A useful extension will be to include non-integrable density profiles, which should require
a mere technical adaption of the setting and the proof. Another open problem is to drop
the condition of analytic potentials. As mentioned above, a fixed-point approach as in
[43,45] could avoid this restriction. Such a generalization could also include time-dependent
diverging potentials (i.e., beyond static hard walls that can already be encoded in our setting
via no-flux boundary conditions). Relatedly, our chosen restriction to a simply-connected
domain and finite interaction forces ensures that the particles can instantaneously reach each
point in the available space. Hence the density becomes positive in the whole domain. It
will be interesting to loosen these assumptions in future work (similar to Example 9.1 in
[9]) especially in view of scenarios involving strong localization or caging of individual hard
particles, where the (canonical) density remains constantly zero in certain regions of space;
such scenarios are of particular interest in the context of (D)DFT [35, 52, 61].

So far, we have also assumed the existence and uniqueness of a well-behaved solution
Py (x™, t). A proof of existence could be constructed similarly to our proof of uniqueness
following ideas of van Leeuwen [58]. The existence of a suitable potential will then require the
solution to an inhomogeneous PDE analogous to (4.9). The resulting conditions on the density
and interaction potential should include, as a special case, the known conditions for systems
in equilibrium [9]. Similar questions have recently been discussed in quantum mechanics

@ Springer



59 Page24of27 M. A. Klatt et al.

[64]. The assumed uniqueness of the solution implies that the density—potential mapping
is injective, which is not essential to our proof but physically reasonable for given initial
conditions. In contrast, for (grand-canonical) equilibrium DFT without initial conditions, the
mapping is not injective, e.g., at phase coexistence two different densities p # o’ can be
realized by the same potential V.

Our method of proof has been chosen to provide physical intuitive conclusions and may
serve as the basis for investigating a broad range of related problems. In particular, whenever
we can derive a condition of the form (4.9) the rest of the proof follows analogously. Therefore,
in future work, the rigorous search for unique density—potential mappings should also be
extended to more general interactions and external influences, such as the following examples.
(i) Our strategy of proof can be straightforwardly applied to particles with inertia, as originally
considered by Chan and Finken [8]. (ii) Triplet or higher-order potentials [16, 33, 47],
as well as, time-dependent interactions [4, 63, 67], result in additional and more complex
contributions to the average interaction force but should not change the structure of proof.
(iii) Similarly, our approach should be generalizable to marked particles, where the marks
may represent different particle shapes, sizes, and orientations [42, 60, 62]. (iv) A position-
dependent mobility tensor should lead to a PDE analogous to (4.9), while p(x, t) will be
multiplied with this tensor. This PDE will then be elliptic if and only if the tensor is positive
definite and symmetric, which is the case in models for hydrodynamic interactions [6, 39, 41];
see also [23, 24]. Asymmetric tensors that give rise to odd diffusivity [29] are, however, of
growing interest in physics, as they, for example, can be used to model the effect of Lorentz
forces [1, 2]. The corresponding non-elliptic PDE might result in more involved conditions
for uniqueness of density—potential mappings in odd-DDFT [3]. (v) We further expect that
our uniqueness theorems could also hold in the additional presence of a (known) mechanism
of self-propulsion that constantly drives the system out of equilibrium [32, 39, 60]. This
activity generates an additional non-conservative force field in (2.4) that also depends on
the orientational dynamics and is thus not known a priori. Thus, this interplay needs to be
separately accounted for in the proof of Lemma 4.4 to ensure that superadiabatic properties
of the system are described appropriately, as in the case of known non-conservative forces. It
will be interesting to check whether the uniqueness of the density—potential mapping would
follow under (slightly) modified conditions for these intrinsically non-equilibrium systems.
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