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ABSTRACT

We investigate the effect of translational and rotational inertia on motility-induced phase separation in underdamped active dumbbells and
identify the emergence of four distinct kinetic temperatures across the coexisting phases—unlike in overdamped systems. We find that the
dilute, gas-like phase consistently exhibits a higher translational kinetic temperature than the dense, liquid-like phase, with this difference
amplified by increasing the rotational inertia. Rotational kinetic temperatures display a similar trend, with the dense phase remaining colder
than the dilute phase; however, in this case, the temperature difference grows with translational inertia and activity while becoming practically
independent of rotational inertia. This counterintuitive behavior arises from the interplay of activity-driven collisions with both translational
and rotational inertia in the coexisting phases. Our results highlight the critical role of translational and rotational inertia in shaping the kinetic
temperature landscape of motility-induced phase separation and offer new insights into the nonequilibrium thermodynamics of active matter.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0324875

I. INTRODUCTION

Active particles continuously consume energy from their sur-
roundings at the individual level and convert it into directed
or persistent motion. As a result, their dynamics fundamen-
tally deviate from those of passive Brownian particles, exhibiting
non-equilibrium behavior across a wide range of length scales.
Prominent examples include synthetic active colloids,”” motile
bacteria,”'" crawling cells,"”"" and even larger-scale organisms
such as fish, birds,'* and insects. A key signature of this non-
equilibrium nature is the violation of the fluctuation-dissipation
theorem, which manifests in the enhanced long-time diffusion
due to persistent motion. Importantly, this persistence not only
governs single-particle dynamics but also plays a central role in
collective phenomena such as motility-induced phase separation
(MIPS),‘“3 2V where, beyond a threshold in activity and density, the
system spontaneously separates into a dense phase and a dilute phase
in the absence of attractive interactions or alignment.

At the microscale, particle inertia is negligible compared
to viscous drag from the surrounding solvent. As a result, the

instantaneous velocity of an individual particle (distinct from the
coarse-grained velocity arising from self-propulsion) relaxes rapidly,
leading to overdamped dynamics. In such systems, MIPS closely
resembles equilibrium liquid-gas coexistence, with equal kinetic
temperatures in both phases. In contrast, for macroscopic active par-
ticles where inertia cannot be neglected,’’ the behavior of MIPS is
qualitatively altered. In the dense phase, inertial particles repeatedly
bounce back upon collisions, a mechanism that generates a hotter
gas-like phase compared to the liquid-like phase and can signifi-
cantly suppress phase separation.”” " Such unequal temperatures
between coexisting phases do not necessarily imply the presence of
an effective heat flux in the thermodynamic sense driving the system
toward equilibrium. Instead, the steady state is maintained by con-
tinuous energy input away from equilibrium, which compensates
for the dissipation and sustains the temperature difference. Inter-
estingly, Caprini et al. demonstrated that rotational inertia, unlike
translational inertia, favors MIPS by enhancing the effective per-
sistence time of particle trajectories.”” In another study, MIPS has
been observed in systems of soft self-propelled disks in the over-
damped limit, whereas inertial disks exhibit MIPS only in the hard
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particle limit.”**" More recently, Hecht et al. investigated the mix-
tures of overdamped active and inertial passive Brownian particles,””
finding that the dense, liquid-like phase can be either colder or hot-
ter than the surrounding dilute, gas-like phase—highlighting the
complex interplay between collective behavior and inertia. The tem-
perature difference across coexisting phases in MIPS depends on the
definition of temperature. Different definitions of temperature—all
coinciding in equilibrium—generally differ in active systems.”® In
overdamped active particles, the notion of kinetic temperature
derived from mean-square velocity fluctuations is not meaningful,
since velocities are not independent dynamical variables but fully
determined by the instantaneous forces. Consequently, no difference
in kinetic temperature between coexisting phases arises in the over-
damped limit. However, alternative effective temperatures, such as
those defined via long-time mean-squared displacement, can differ
between coexisting phases of overdamped MIPS due to the reduced
particle mobility in dense regions. A difference in kinetic temper-
ature between coexisting phases arises only in the underdamped
regime, where inertia gives a meaningful definition of velocity fluc-
tuations. In that regime, collisional effects in dense regions can
reduce kinetic fluctuations, leading to distinct kinetic temperatures
across phases.

While most studies on motility-induced phase separation
(MIPS) focus on active particles with spherical shapes, natural and
artificial active matter systems are predominantly composed of
anisotropic particles. Notable examples of anisotropic active mat-
ter include rod-shaped bacteria,”” chemically powered nanorods,*
and vibrated granular rods.”" Unlike active disks, active rods can
slide past one another and, thus, typically do not exhibit MIPS.”*"’
However, Suma et al. investigated the phase behavior of a suspen-
sion of overdamped active rigid dumbbells and demonstrated that
the region of phase space where phase separation occurs is signifi-
cantly broader than that observed for overdamped spherical active
particles.”

The impact of inertia on the shape and dynamics of macro-
scopic active systems remains an open and largely unexplored ques-
tion. To investigate the role of inertia in anisotropic systems, we
study a collection of active rigid dumbbells where the active force is
applied along their main axis. We focus on uncovering a related and
previously overlooked phenomenon: the emergence of a kinetic tem-
perature gradient between coexisting phases in inertial anisotropic
active matter. In particular, we examine how inertia influences the
rotational kinetic temperature in these phases—a feature absent in
spherical particles, where rotational dynamics are decoupled from
activity.” "’ We reveal a mechanism by which rotational inertia
gives rise to a kinetic temperature difference between coexisting
phases. These findings offer new insights and potential strategies
for controlling temperature gradients in the rapidly growing field of
macroscopic active matter.”"*"*

This paper is structured as follows: After introducing the model
in Sec. II, we numerically study the translational and rotational
temperature difference in dense and dilute phases of inertial active
dumbbells in Sec. II1. Finally, we present the conclusion in Sec. I'V.

Il. MODEL

We consider a two-dimensional system of N self-propelled
rigid dumbbells confined in a square box of side length L with
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FIG. 1. Schematic illustration of active dumbbells. Induced by a spontaneous fluc-
tuation, a subset of dumbbells moves toward a common center, leading to the
formation of a cluster. Arrows indicate the instantaneous self-propulsion directions.

periodic boundary conditions. Figure 1 represents an illustration of
the system. Each rigid dumbbell consists of two spherical beads of
diameter o, and mass m, and the center-to-center distance between
the beads is fixed at 04. The position rl.(J ) () of the jth bead of the ith
dumbbell evolves in time according to the underdamped Langevin
equation,

mi? = D+ vOU + €D 1+ B, M

where i=1,...,N, j=1,2, y is the viscous damping coefficient,
U denotes the total interaction potential energy, and F;" repre-
sents the self-propulsion force. Beads belonging to different dumb-
bells interact via a generalized Mie potential, defined as U(r)

= {46[(9)2n - (%)n] + 6}9(21/"0 - r). * The Mie potential is trun-

r
cated at its minimum, located at r = 2//"¢, so that the interaction
remains purely repulsive. To approximate the hard-disk limit, we
choose a large exponent n = 32. The cutoff distance is set to 2!
= 04 to avoid any discontinuities in the force. The stochastic term

fi(]) is a Gaussian white noise with zero mean and covariance
determined by the fluctuation-dissipation theorem,

(€ (10)=0, (D) E97(F)) = ke T 8,08 8(t - 1), (2)

where kg is the Boltzmann constant and T is the ambient tempera-

ture. The self-propulsion force acting on each dumbbell is modeled
@ _, (0

asF = f, W
and ri(z) - rfl) defines the bond vector connecting thej=2andj =1
monomers of the ith dumbbell.

The dynamics of a rigid dumbbell can be decomposed into
translational motion of its center of mass and rotational motion
about the center of mass. The net force and torque acting on
the dumbbell are obtained by summing the individual forces and
torques acting on its constituent disks. The angular velocity w; of the
ith rigid dumbbell is identical for both j =2 and j =1 disks and is
updated according to

, where f; denotes the self-propulsion strength,
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2 . .
Iw; = Z I:(r,(]) - Rcom) x V{U:I - yzﬂwi TV kBTyasnri’ ®)
=1

where I is the moment of inertia and Rcom denotes the position of
the center of mass of each dumbbell. The center of mass of the ith
dumbbell obeys

2 .
2mVeomi = ~2yVeomi + 3. VU + 2B +\/aksTyn,, (4)
j=1

where Veom,; denotes the velocity of the center of mass of the ith
dumbbell. #,; and #,; are the Gaussian random forces and torques
on the center of mass of the ith dumbbell with zero mean and unit
variances, respectively. The translational velocity of each disk is then
given by t"i(J ) _ Veomi + @i X (ri(J) — Reom). All physical quantities
are expressed in reduced units based on the characteristic scales of
the system: mass m, length 0,4, and the energy scale e. Accordingly,

2
the unit of time is defined as 7 = @ Throughout this work, we

set the thermal energy to kgT = 0.01¢. The integration time step is
fixed at dt = 1077, which gives good energy conservation, including
the active contribution in the steady state across the entire parameter
range considered.

The behavior of the system is governed by several key dimen-
sionless parameters. The first is the Péclet number, which quan-
tifies the relative strength of active forces compared to thermal
fluctuations and is defined in Eq. (5) as

_ 20'dfu

Pe = T (5)

The second dimensionless parameter I' in Eq. (6) characterizes the
importance of inertial effects and is interpreted as the ratio of two

timescales: the momentum relaxation time 7, = % and the time
(7]

Ta= 74 it takes for a particle to travel its own diameter under
self-propulsion,
mf
r=—>=~ (6)
Y 0a
The third parameter is the area fraction defined in Eq. (7) as
Nrm;
= . 7
Y @

The simulations are performed using a custom-modified version of
the LAMMPS software.**

Ill. RESULTS

When active forces dominate over thermal fluctuations, rigid
dumbbells with orientations that, on average, point toward a com-
mon center exert opposing forces on each other (Fig. 1). This
leads to the formation of persistent clusters, which continuously
grow through coarsening, ultimately resulting in a phase-separated
state for overdamped systems. In this work, we investigate the
translational and rotational kinetic temperatures of the dumb-
bell system within the phase-separated regime, defined respec-
tively as %Mcom<Vc20m) and %I (wgom). Following the law of energy
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equipartition, we define the translational and rotational kinetic
temperatures in Egs. (8) and (9), respectively, as

1
Ttrans = EMcom < chom >/kB» (8)

Trot = I{@Zom ) [Ks. ©)

To ensure overdamped dynamics, we set the friction coefficient
to y = 10, such that the characteristic time scales associated with
translational and rotational inertia remain much smaller than

the persistence time of an individual dumbbell, 7, = %

Pe =100, T = 0.01, I/mcfé =0.5, and ¢ = 0.4, the active dumbbell
system undergoes a phase separation reminiscent of gas-liquid coex-
istence, and we find that the translational and rotational kinetic
temperatures of the dumbbells remain practically identical in both
coexisting phases [Figs. 2(a) and 2(b)]. Next, we decrease y to
increase I', making the dynamics of the dumbbells underdamped.
The homogeneous state remains metastable for a finite time, after
which isolated dense clusters nucleate and grow. Only clusters
exceeding a critical size survive, eventually leading to macroscopic
phase separation. It is noteworthy that high translational inertia
typically favors the homogeneous phase when active particles inter-
act via soft repulsive potentials,”” as active particles tend to pass
through one another with effectively no collisions, suppressing clus-
tering. In contrast, in our system, the interaction between active
dumbbells is more hard-sphere-like, which facilitates blocking of
the active dumbbells and promotes MIPS even at high translational
inertia. In previous studies,”” the translational kinetic energy of
active disks in the dense phase was found to be lower than in the
dilute phase. A similar trend for %Mcom<VC20m) is observed in our

simulations of active dumbbells at Pe = 100, T = 5.06, I/ma} = 1.0,
and ¢ = 0.4, where the dense phase appears translationally colder
than the dilute phase [Fig. 2(c)]. However, in this case, we do not
observe any significant difference in the rotational kinetic energy,
%I (wim), between the coexisting phases in Fig. 2(d), despite the
fact that the interactions responsible for rotational motion are influ-
enced by activity. This indicates that, in anisotropic underdamped
active systems, energy dissipation mechanisms for translation and
rotation can differ markedly between the coexisting phases of MIPS.
However, the interface separating the two phases is not sharp;
rather, it is smeared out, with physical quantities varying contin-
uously across a finite interfacial width. This behavior also applies
to both translational and rotational temperature profiles. Capillary
wave fluctuations significantly contribute to the broadening of the
interface.”

Next, we construct the phase diagram by varying the Péclet
number, Pe, and the area fraction, ¢, while keeping the translational
and rotational inertia fixed at T = 5.06 and I/ma; = 1.0, respectively
(Fig. S1). We distinguish homogeneous and MIPS states via the dis-
tribution of the local packing fraction. We sampled the local packing
fraction as follows. First, the system is divided into square cells. For
each cell, we compute a coarse-grained local density by averaging
the particle density within a circular region of radius 200, centered
at the cell. From the resulting set of local values, we constructed
the corresponding probability distribution function. The dense and
dilute phases are identified by distinct peaks in the resulting bimodal
distribution of local packing fractions, as is characteristic of MIPS.

For
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In contrast, the homogeneous phase is characterized by a unimodal
distribution.

Our results show that phase separation occurs at sufficiently
large area fractions and Péclet numbers. However, inertia suppresses
MIPS at low area fractions (¢ ~ 0.2--0.3), even at high Pe, in con-
trast to overdamped dumbbells, which exhibit MIPS under similar
conditions.” This behavior can be understood as a consequence
of inertial effects: upon collision, active inertial dumbbells tend to
bounce back directly, thereby increasing their average separation, as
observed in the dilute phase of Figs. 2(c) and 2(d). At higher area

fractions, this effect is reduced due to the increased frequency of

collisions.
To better characterize the structure of the dense phase in the
active dumbbell system, we examine the local packing arrangement

COMMUNICATION pubs.aip.org/aipl/jcp

FIG. 2. Panels (a)-(d) show the snap-
shots from our simulations in the
steady state. Panels (a) and (c) are
colored accordin? to the translational
kinetic energy, 5Meom(VZy), of indi-
vidual dumbbells, while panels (b) and
(d) are colored according to the rota-
tional kinetic energy, 1/(w%y,), both
expressed in units of e. All simulations
are performed at area fraction ¢ = 0.4
with N = 16129 dumbbells. The para-
meters for (a) and (b) are Pe = 100,
[=001, and //mo? =05, and the
same for (c) and (d) are Pe =100,
T = 5.06,and //ma? = 1. Forvisual clar-
ity, the dumbbell sizes are enlarged and
are not shown to scale.

within the MIPS cluster using a zoomed-in image and its corre-
sponding Delaunay triangulation (Fig. S2). The dense phase is an
active crystal®® that exhibits locally triangular positional order with
dislocations similar to those observed for passive granular’’ and
colloidal systems."*"’

We choose y = 107" as the reference system, where the dynam-
ics are overdamped and both the translational and rotational kinetic
temperatures of the coexisting phases are equal to 0.01, correspond-
ing to the ambient temperature of our simulations as shown in the
upward-pointing triangle in Fig. 3(a) and the downward-pointing
triangle in Fig. 3(b). To investigate the role of translational iner-
tia, we vary the friction coefficient y, noting that the I' scales as 37,
while keeping the moment of inertia I and active force f, fixed. A
decrease in y increases the inertial time scale, eventually making it

(8) 0207 = Dense Phase .| (b) 00120 (c) 10 -
. | | | |
016 ® Dilute Phase 0.0116{ ™® D.ense Phase ® 0.8 | ]
w @ Dilute Phase
~ [} w 06
g 012 \G 0.0112 ° C m Dense Phase
E 0.08 b 2 0.0108 $ 04] e DilutePhase
° - Hpq ©
] " 0.0104 ° 0.2
m 0.04] 9 - & .
0.00% 0.0100y ® . LI 00] @ ° o o

40 42 44 46 48 50 52

r

40 42 44 46 48 50 52

40 42 44 46 48 50 52

r

FIG. 3. Panels (a)-(c) show the translational kinetic temperature, rotational kinetic temperature, and the local packing fraction peak value in the coexisting dense and
dilute phases of active dumbbells as functions of the dimensionless translational inertia I for Pe = 100, //mo? = 0.5, and ¢ = 0.4. The ambient temperature, T = 0.01, is
indicated by the upright triangle on the T,ns-axis in (a) and the inverted triangle on the To-axis in (b).
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comparable to the persistence time scale, 7. As a result, the instan-
taneous particle velocity becomes governed by both the active force
and inertia. We observe that the translational kinetic temperature
Trans in the dilute phase increases substantially with increasing T,
whereas the increase is much less pronounced in the dense phase
[Fig. 3(a)]. In contrast, the difference in rotational kinetic tem-
perature, Tro, between the coexisting phases also grows with T
[Fig. 3(b)], but the difference is much smaller than the correspond-
ing difference in T'irans. These observations motivate us to analyze
the local packing fraction of the system. However, we find that
the density difference between the coexisting phases remains nearly
unchanged with varying I [Fig. 3(c)]. These results demonstrate that
an increase in translational inertia exerts a stronger influence on
the particles’ instantaneous velocities than on their local structural
organization. Consequently, the translational kinetic temperature
difference between the dense and dilute phases increases monoton-
ically. In the dilute phase, infrequent collisions enable dumbbells
to sustain relatively high translational velocities under reduced fric-
tion. In contrast, within the dense phase, restricted available space
and frequent collisions lead to pronounced dissipation of transla-
tional kinetic energy, rendering the dense droplet translationally
cold. The response of the rotational degrees of freedom exhibits a
distinct behavior. In the dilute phase, rotational motion remains
largely unaffected by decreasing friction due to the absence of inter-
particle interactions. In the dense phase, although activity enhances
interactions, rotational motion involves minimal spatial rearrange-
ment. As a result, translational inertia has only a weak influence
on the rotational kinetic temperature difference between the two
phases.

To gain insight into the role of rotational inertia on kinetic
temperature differences, we systematically vary the rotational iner-
tia I while keeping the translational inertia parameters—mass i,
bead separation o, active force magnitude f;, and friction coefficient
y—fixed. As shown in Fig. 4(a), the translational kinetic tempera-
ture T'rans in the dilute phase increases significantly with increasing
rotational inertia I/mo7, while the dense phase remains relatively
unaffected. This indicates that the translational kinetic temperature
difference between the coexisting phases is more strongly influenced
by rotational inertia, I, than by translational inertia, I'. This behav-
ior can be attributed to an increase in the persistence time of active
dumbbells with increasing rotational inertia. The active dumbbells

COMMUNICATION pubs.aip.org/aipl/jcp

exhibit more persistent and directed motion in the dilute phase,
enhancing their translational kinetic energy.

In contrast, in the dense phase, the dumbbells undergo frequent
collisions that dissipate translational energy, thereby limiting the
translational kinetic temperature increase as compared to the dilute
phase. Interestingly, the rotational kinetic temperature exhibits a
different trend. With increasing rotational inertia I, the rotational
kinetic temperature difference in the coexisting phases becomes
practically independent of the rotational inertia I [Fig. 4(b)]. While
frequent dumbbell collisions generate activity-induced torques that
enhance rotational motion, this effect is counteracted by rotational
inertia, which suppresses it, resulting in a rotational kinetic tem-
perature that is independent of I. Similar to [Fig. 3(c)], the density
difference between the coexisting phases remains nearly constant
with I [Fig. 4(c)]. Thus, the active force contributes to rotational
motion predominantly through interparticle interactions, emphasiz-
ing the crucial role of collisions in transferring activity to rotational
degrees of freedom.

Since the observed temperature differences are induced by
activity, we now investigate the effect of the self-propulsion speed
of the active dumbbells by increasing the Peclet number, Pe, while
keeping both the translational and rotational inertia constant. We
find that the kinetic temperature difference between the transla-
tional and rotational degrees of freedom increases with increasing
Pe [Figs. 5(a) and 5(b)]. For translational motion, the rise in kinetic
temperature with Pe is more pronounced in the dilute phase com-
pared to the dense phase. This is because, in the dense phase,
frequent collisions dissipate the energy input from self-propulsion,
thereby limiting the increase in kinetic temperature. In contrast,
the rotational temperature in the dense phase remains elevated
above the ambient temperature due to activity-induced interactions.
However, it is only weakly affected by increasing Pe, as rotational
motion is significantly hindered by crowding effects from neigh-
boring dumbbells. In the dilute phase, although collisions are infre-
quent, the increase in self-propulsion speed not only reduces the
time between successive collisions but also enhances the magnitude
of energy transfer to the rotational degrees of freedom, resulting
in a Pe-dependent increase in rotational kinetic energy. Overall,
the dominant contribution to the kinetic temperature differences in
both translational and rotational motion arises from the enhanced
mobility in the dilute phase relative to the dense phase.

(@ 0.25 o (b) 0.0120 (c) 10
. o ° 0o116]° L 0.8
° . 1 8.
{ 0.20 ° N
2 015 m Dense Phase ~_ 0.01124 m Dense Phase w 0.6 Dense Phase
«© ’ @ Dilute Phase ® @ Dilute Phase g @ Dilute Phase
& o010 2 0.0108 2 0.4/
= <
m 005]™® [ ] n [ ] u m 0.0104 0.24
- -~ L ] n ]
0.00% 0.0100y 00/ e e o o

05 06 07 08 09 1.0
I/mo2

05 06 07 08 09 1.0

05 06 07 08 09 10

I/mo3 I/ma}

FIG. 4. Panels (a)-(c) show the translational kinetic temperature, rotational kinetic temperature, and the local packing fraction peak value in the coexisting dense and dilute
phases of active dumbbells as functions of the dimensionless rotational inertia //ma? for Pe = 100, T = 5.06, and ¢ = 0.4. The ambient temperature, T = 0.01, is indicated
by the upright triangle on the Tins-axis in (a) and the inverted triangle on the T,-axis in (b).
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FIG. 5. Panels (a) and (b) show the
translational kinetic temperature and
rotational kinetic temperature in the
@ coexisting dense and dilute phases of
active dumbbells as functions of the
dimensionless Peclet number Pe for

L] L] I =5.06, //mo? = 0.5,and ¢ = 0.4.
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IV. CONCLUSION

In this work, we have investigated the dynamics of inertial
active dumbbell systems in the regime of motility-induced phase
separation (MIPS), focusing on the kinetic temperature differences
between the coexisting dense and dilute phases. As a result, the
equipartition of translational and rotational temperature, which is
valid in equilibrium, is strongly broken by activity. In the phase-
separated state, there are four different kinetic temperatures, which
all differ from each other, namely, a translational temperature in the
dilute and dense phases and a rotational temperature in the dense
and dilute phases.

In particular, we have studied here the role of rotational inertia,
independent of translational inertia, to probe the effect of activity-
induced interactions on kinetic temperature imbalances of the
coexisting phases. We find that the system maintains persistent
translational and rotational kinetic temperature differences between
the coexisting phases during MIPS. Notably, both components of
kinetic temperature in the dense and dilute phases exceed the
ambient temperature and increase strongly with the self-propulsion
speed. This confirms a continuous energy input from the active
forces and the absence of thermal equilibrium. Our results reveal
that the translational kinetic temperature difference is more sen-
sitive to changes in translational inertia than its rotational coun-
terpart, since the rotational motion is more strongly influenced by
inter-particle collisions than the translational motion. Conversely,
increasing rotational inertia significantly impacts the translational
kinetic temperature difference by enhancing the persistence of active
motion. However, the rotational kinetic temperature difference
remains unaffected with increasing the rotational inertia to maintain
the distinct energy-equipartition for rotational degrees of freedom in
coexisting phases. These findings highlight the complex kinetic tem-
perature behavior in anisotropic active systems and underscore the
importance of particle shape and rotational degrees of freedom in
nonequilibrium phase behavior.

Our results provide concrete predictions for experimental
systems, such as vibrated granular particles, where both transla-
tional and rotational inertia can be systematically tuned.”’ ™ For
future studies, it would be interesting to investigate the role of
inertia in inhomogeneous but non-phase-separated systems, such
as sedimenting active suspensions where gradients are externally
imposed.”””® A possible experimental setup to observe these effects
is active vibrobots on a tilted plane.”” In our model, the density dif-
ference between phases governs the kinetic temperature difference.
This suggests that similar temperature differences may also arise in
sedimenting active colloids, even in the absence of phase separation.

100 120 140 160 180 200

Pe

Another promising direction is to generalize the framework devel-
oped in this work to spherical particles interacting via anisotropic
pair potentials. In this context, a novel type of nonequilibrium
phase separation—referred to as flocking phase separation—has
been observed in systems of inertial magnetic spheres with dipolar
interactions.”” Extending our framework to incorporate such effects
could provide valuable insights for inertial MIPS in anisotropic
active matter more broadly.

SUPPLEMENTARY MATERIAL

The supplementary material includes two figures: Fig. Sl1
presents the phase diagram, and Fig. S2 shows a representative
snapshot of MIPS in the inertial active dumbbell system.
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