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ABSTRACT
Active matter has thrived in recent years, driven both by the insight that it underlies fundamental processes in nature and by its vast potential
for applications. This allows for innovation, both inspired by experimental observations and by the construction of novel systems with desired
properties. In this paper, we develop a novel system in the search for a new kind of pattern formation: microstructural motifs with orthog-
onal alignment. Taking a simple active Brownian particle model applied to dumbbell-shaped particles, we add a quadrupolar interaction by
positioning two antiparallel magnetic dipolar moments on each particle. We find that the phase behavior is determined by the competition
between active motion and the orthogonal alignment favored by quadrupolar attraction. By varying these quantities, we are able to tune both
the internal structure of the aggregates and find a surprising stability of triangular aggregates, to the point of clusters of size N = 3 being
strongly overrepresented. Although none of the component particles are chiral, the resulting structures spin in a random, fixed direction due
to the combination of the polarity of the active motion. This results in an ensemble of windmilling (randomly spinning in a circular motion)
aggregates with windmill-like shapes (due to the three or four core component dumbbells). Ultimately, this simple model shows an interesting
range of microstructural motifs, with great potential for experimental implementations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0304745

I. INTRODUCTION

Active matter consists of particles that take energy from their
environment and channel this into propulsion, giving rise to many
interesting dynamic and collective phenomena.1–3 Often inspired
by real-life creatures such as birds, one simple approach to refin-
ing this model is the inclusion of some form of local ordering,
as in the Vicsek model.4–7 This can also be done by exploring
the effects of different particle shapes,8,9 such as dumbbells,10–12

ellipsoids,13,14 squares,15 or even triangles.16 Another promising
avenue is to include longer-range interactions, such as magnetic
dipole interactions between the active particles. These have recently
been studied in both 2-dimensional17–19 and 3-dimensional active
contexts20–28 and in more complex geometries, often inspired by the
diffusion of magnetotactic bacteria.29–31 The latter is of interest not
only from a fundamental biological perspective but also in order
to drive the design of microscale magnetic machines or magnetic
robots.32–38 For the efficacy of such applications, understanding the
self-assembly of these particles is critical, which has given rise to
multiple investigations.39–45

With such ample examples, it is not surprising that a wide
variety of states can be found in any phase diagram of such sys-
tems, with or without activity.46–51 However, certain microstructural
motifs remain elusive. In particular, the alignment between active
anisotropic particles frequently favors the parallel, especially in mag-
netic dipolar systems where the minimum of the dipole–dipole
energy is found in a head-to-tail configuration. In this paper, we
would like to access a richer and more varied microstructure by
introducing a potential that, at its two-particle energetic minimum,
would favor orthogonal alignment. This can easily be achieved by
combining two antiparallel dipoles to create a quadrupole.52 Within
the context of active particles, this yields an interesting competi-
tion, as the most repulsive magnetic alignment in parallel would be
favored by the activity for an elongated particle shape. By study-
ing the phase diagram, we find the solution is more nuanced—in
particular, we discover a new combined stable structure of trian-
gles. Furthermore, due to the polar nature of the activity, these
three-particle aggregates are only stable in the configuration that
additionally allows them to spin in a circular motion. Larger aggre-
gates also form, and as their interparticle orientational alignment
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at close range is dominated by the magnetic interactions, they are
not able to form sufficiently blocked aggregates; therefore, these
also rotate. As these circular, rotating motions resemble the rotation
of windmills, we refer to them as windmilling clusters. This for-
mation of a mixture of base-triangular and base-orthogonal motifs
disrupts both the standard clustering models we would expect and
the expected orthogonal structure formation, but it also does not fol-
low any nucleation expected from active particles. Moreover, this is
a feasible system to implement in an experiment.

This paper is structured as follows: In Sec. II, we will present a
more detailed overview of the model and the simulation techniques
used. The subsequent Sec. III is divided into three topics: in Sub-
section III A, we explore the implications of the quadrupolar model
in the absence of activity. Subsection III B is dedicated to the phase
diagram of magnetic dumbbells, and Subsection III C discusses the
microstructure of the clustering in more detail to show which motifs
are found. These results are summarized in Sec. IV.

II. METHODS
A. Brownian dynamics simulations

The data shown in this work were obtained by Brown-
ian dynamics simulations, more specifically by overdamping the
Langevin translational and rotational equations of motion. Particles
were confined to the x–y plane and only permitted to rotate around
the z-axis in order to create a strictly 2D system. The system area
A and the number of dumbbells N = 1000 are kept constant in each
simulation run. Furthermore, the particles are in contact with a heat
bath at temperature T. The area of the quadratic simulation box
for each run was calculated based on the desired particle densities
of ϕ = 0.05, 0.15, 0.3. Since the particle surface area is 2 ⋅ r2π = π

2 σ2,
this gives ϕ = σ2πN

2A , with A = l2 for a box of length l. We now turn
to defining the reduced simulation units. As the basis of our unit
system, we fix the length scale σ, the diameter of each dumbbell com-
ponent, the energy scale as the simulation temperature kBT, and the
relaxation time Drot = 0.1. We then proceed to set σ = 1, kBT = 1,
and Drot = 0.1. For an arbitrary simulation particle, we can write the
Langevin equations of motion as

m v̇(t) = F(t) − von̂ − γtv(t) +
√

2kBTγt ηt(t),
I ω̇(t) = τ(t) − γrω(t) +

√
2kBTγr ηr(t),

where the superscript dot . represents the time derivative, m (respec-
tively, I) represents the particle mass (inertia tensor), v (respectively,
ω) represents the velocity (angular velocity), F (respectively, τ)
represents the force (torque) acting on the particle, γt (respec-
tively, γr) represents the translational (rotational) diffusion coeffi-
cient, and ζ t (respectively ζr) represents the random force (torque).
These random forces and torques are chosen to be Gaussian white
noise: each component has a mean of 0 and a variance following
the fluctuation–dissipation theorem ⟨ηα

t (t), ηβ
t (t′)⟩ = δα,β δ(t − t′),

where the angle brackets denote an ensemble average, and α and
β denote the spatial coordinates. The additional −v0n̂ term repre-
sents the activity with velocity v0 parallel to the particle director n̂. In
order to sample the Brownian dynamics regime, the mass and iner-
tia terms (left sides of the equations) must be negligible, which can
be achieved by decreasing m and I and increasing γt and γr . Since

we have chosen Drot , we must set γr = 1/Drot = 10, which gives us
γt = 3γr = 30, corresponding to the spherical case, as it was shown to
be a good approximation for small aspect ratios.53 After checking the
single-particle diffusion to ensure Brownian dynamics were reached,
the parameters of m = 0.1 (per-particle mass), I = 0.1, and δt = 0.001
were found to be efficient. This then gives a Lennard-Jones equiva-
lent timescale of τ′ =

√
0.1 ≈ 0.361. Aside from the particle density,

we varied the magnetic interaction strength via the coupling para-
meter λ = μ0μ2

4πkBTσ3 = μ0
4π μ2 with dipole moment μ = ∣μ⃗∣, and the Péclet

number Péclet = v0γr . On a technical level, the simulations were
carried out using the simulation software package ESPResSo54,55

version 4.2.2. Since the simulations were started with random ori-
entations and semi-random placement (each particle was placed on
a random grid point, with grid spacing to avoid overlaps), there was
an initial relaxation phase of 5 ⋅ 104δt before configurations were
sampled. For systems with high values of λ and low Pe (such as
Pe = 0), these early configurations are not necessarily representative,
as the magnetic interactions require a relaxation phase. To moni-
tor this, we checked the dipolar energy contributions and excluded
earlier time steps at which this energy was significantly decreasing.
For the Pe = 0 comparison cases, we ran the simulation for an addi-
tional 8 ⋅ 107δt to ensure better equilibration. This does not mean
that these cases are in the ground state, but it should ensure that the
results shown are in a more representative distribution.

B. Particle model
A sketch of two of the simulation particles used is shown in

Fig. 1. These were constructed using a rigid-body approach: each
individual simulation particle consists of multiple interaction sites,
but the translational and rotational equations of motion are only
integrated for the particle center, from which the new positions
of the sites are then derived. The particles consist of two steric
repulsive spheres of diameter σ (gray), which are modeled using
the Weeks–Chandler–Anderson (WCA) repulsion,56 making the
resulting particle aspect ratio 2 : 1. The WCA potential is given by

UWCA(r) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

4ε[(σ
r
)

12
− (σ

r
)

6
+ 1

4
], r ≤ rc,

0, r ≥ rc,
(1)

where r is the distance between the interaction site centers, with a
cutoff distance of rc = 21/6σ, and ε = 1 is the repulsion energy scale,
which corresponds to the chosen energy unit kBT = 1. Furthermore,

FIG. 1. Left to right: one, two, three, and four quadrupolar active particles in their
respective ground states. Gray denotes the steric repulsive particle shape, while
the orientation of the two magnetic dipoles is shown in blue, and the direction of the
activity is shown in orange. To aid the eye in distinguishing which particles belong
together, an additional black circle is added behind the connection point where the
two dumbbell components meet.
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each particle is active in the sense of the active Brownian particle
model: a fixed self-propulsive force, with resulting velocity v0, is
applied along the director (orange), which is parallel to the long axis
of the particle. To create the quadrupolar interaction, two magnetic
dipole interaction sites are situated in the centers of each dumbbell
component, with the magnetic dipole μ⃗ pointing toward the particle
center (blue). The dipolar interaction between two interaction sites
m and n is calculated as

Udd(rmn, μ⃗m, μ⃗n) = λ[(μ̂m ⋅ μ̂n)
r3

mn
− 3(μ̂n ⋅ r⃗mn)(μ̂m ⋅ r⃗mn)

r5
mn

], (2)

where r⃗mn is the separation between two sites, μ̂m is the unit vector
co-aligned with the dipole moment on site m, and λ is defined as in
Subsection II B. Each dumbbell carries two such dipole moments,
at a distance of σ. As will be explored in Subsection III A, the
net interaction results in a two-particle ground state, as shown in
Fig. 1.

III. RESULTS AND DISCUSSION
A. Magnetic quadrupoles

Before adding activity, a reasonable first question is to explore
the microstructure we would expect from a passive magnetic sys-
tem. Based on the configuration of the particles, we can easily see
that the ground state for a 2-particle system is orthogonal alignment.
However, in multi-particle aggregates, it is no longer immediately
obvious which configuration is most energetically favorable. To clar-
ify this, we will proceed as follows: Starting with N = 2, we check
different particle configurations observed in simulations. We then
calculate the cluster energy using only Eq. (2), without considering
any thermal contributions (T = 0) and assuming hard-spheres (no
additional Weeks–Chandler–Anderson contribution). However, in
order to match the simulation, we do fix the closest-contact of two
neighboring dumbbell components at 1.12σ. Starting with a pair
of particles, the quadrupolar ground state is reached at orthogonal
alignment (shown second from the left in Fig. 1). For two parti-
cles, we have four interaction sites. Assuming the upper particle to
be centered at (0,0), with magnetic moment parallel to the x-axis,
the second particle would have position (0,−1.5) with moment par-
allel to the y-axis. The actual dipole sites are then offset from the
respective particle centers by ±0.5 along the long axes of the par-
ticles. This gives a total attraction of Uorth ≈−1.56λ at orthogonal
alignment. In contrast, if we assume parallel alignment at the same
distance, the repulsion is Upar ≈ 2.35λ. This clear difference might
lead one to assume that particles will exclusively favor orthogonal
alignments. However, if we look at the bulk simulations shown in
Fig. 2, we see many different small clusters that do not appear to
be orthogonally aligned. The reason for this can already be seen at
N = 3. Due to Euclidean geometry, we will not be able to align 3 par-
ticles in close-contact with orthogonal angles. At most, we can align
two orthogonal pairs. The third interaction will be weaker due to
the distance: if we, for instance, choose any triplet of particles of the
four shown in Fig. 1, we have a low attraction of −0.25λ, which gives
a total energy of ≈− 3.37λ. While this is favorable, there is a superior
option: if all three particles are brought into close-contact, forming
a triangle (see Fig. 1, second from the right). Then the particles are
aligned at an angle of 60○, and the attraction energy between each

FIG. 2. Simulation snapshots from a quadrupolar dumbbell system with
Péclet = 0 and λ = 10, for densities ϕ = 0.05 (left) and ϕ = 0.3 (right) after an
initial relaxation phase. We see a variety of different interparticle alignments. As
the system equilibrates, these aggregates combine into larger clusters with a
predominantly orthogonal base motif.

pair is U tri = −1.34λ, which yields a total cluster energy of ≈− 4.02λ.
This means that even though the pairwise interaction has a mini-
mum at the orthogonal alignment, for three particles, the ground
state is this triangular motif.

Increasing the particle number to four, we are able to form a
lattice motif as shown on the right side of Fig. 1, which, with four
orthogonal pairs and two more distant neighbor interactions, has
the total energy of ≈− 6.74λ. This makes it more energetically favor-
able than any possible combination of a triangle and a single particle.
These calculations can be continued for increasing numbers of par-
ticles, but the relevant point for this work is as follows: although the
orthogonal lattice motif is the most energetically favorable, at finite
temperatures and low N, there are multiple competing motifs that
occupy local minima. This ambiguity is also seen in the simulation
snapshots, as shown in Fig. 2. At low densities, we see multiple dif-
ferent options for particle aggregates, while for higher densities, the
orthogonal lattice is favorable.

Although these two snapshots provide an intuitive qualitative
insight, this does not provide the full picture of the relevant ground
states. For this, we refer to previous work on (electric) ellipsoidal
quadrupolar57 particles, which discusses the strong dependence of
the ground state on the particle shape. As our particles artificially
stabilize the orthogonal minimum, we recover the orthogonal lat-
tice ground state discussed for the more symmetric particles instead
of the herringbone structure found for more elongated particles.
Interestingly, the authors also found a trihexagonal pseudo-lattice
tiling featuring 60○ alignment between particles, which seems to be
the most topologically similar to our triangle motifs. It would be
interesting to extend this discussion to lower densities, including a
variation of shapes, but unfortunately, this is beyond the scope of
our paper.

B. Phase behavior
To understand the impact of activity on the system and to see

if the quadrupole-induced orthogonal alignments occur in the bulk,
we computed the phase diagram shown in Fig. 3. From even a brief
visual inspection of the simulation snapshots shown, it is evident
that the phase behavior of the system does not map neatly onto
either the magnetic or active phase diagrams. Most surprisingly,
even at a brief visual inspection, some densities seemed to feature
an excessively high amount of three-particle triangular aggregates.
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FIG. 3. State diagrams of active quadrupolar dumbbells, in dependence on the magnetic coupling constant λ and the Péclet number at different area fractions ϕ. Each
symbol represents a different region in the state diagram; representative simulation snapshots are inset at a few key values, in which cases, the frame color denotes the
state. We distinguish between four key states. Active-gaseous, in green, shows little aggregation except at high densities and no characteristic structures or ordering.
Magnetically dominated, in red, shows aggregation typical of magnetic systems, although with what seems to be more orthogonal alignment between particles than one
would expect for dipolar particles. At intermediate values of λ and the Péclet number, we find states with more triangular motifs: either triangular-active (blue), which most
closely resembles the active-gaseous system except for a preponderance of triangles, or triangular-magnetic (orange), which similarly features a more magnetic aggregation
pattern, except for a peak in aggregation at n = 3. The dumbbells inside these snapshots are colored based on the number of particles in their aggregate, with a coloring
pattern that repeats for large n, shown with an additional fictitious connecting particle in the middle as a visual aid. It should be noted that the snapshots cannot fully
represent the system due to size constraints, and many of the clusters shown are truncated. In the gray boy (right), we show larger snapshots from the Pé = 0 case, for
ϕ = 0.05 (top) and ϕ = 0.3 (bottom).

As discussed in Subsection III A, while this is the ground state for
this particle number, an even larger aggregate would be even more
energetically favorable. From studies done on the clustering of pas-
sive magnetic particles47,57 and our calculations, we do not expect
any specific cluster sizes to be preferred in the aggregation process.
However, the pervasiveness of these triangles is borne out by sta-
tistical analysis (as will be discussed in detail in Subsection III C).
To, therefore, characterize the emergent states, we devised a metric
based on the characteristics of p(n), which describes the percent-
age of particles in a cluster of size n. In order to properly consider
the possibility that particles form less magnetically favorable clus-
ters in regions of high-activity, clustering was determined using a
purely distance-based criterion. While there are no sharp phase tran-
sitions in the system, we, nevertheless, find four distinct states, which
we can characterize as follows: First, for low values of the magnetic
coupling constant λ and high Péclet, the aggregation behaves more
in line with a non-magnetic active system. Clusters do form with
increasing density, but there are no preferred motifs, and smaller
aggregates predominate. We denote this as “AG” (active gaseous,
green). At the opposite limit case of high λ and low Péclet, we use
“MD” to denote the magnetically dominated case (red): here, we
see the trend toward aggregation specifically into larger clusters that
we would expect from magnetic systems at such values of the cou-
pling constant and density. An initial visual inspection does suggest
a visual difference from dipolar magnetic systems in that the clusters
show a grid-like structure based on orthogonal alignment, but by no
means exclusively. This comparison is made explicit by the Péclet
= 0 case shown in the gray box (right), where we see a distribution
of clusters of various sizes at low density and a strongly aggregated
phase with orthogonal alignment at higher densities.

This leaves the majority of the phase diagram, which exhibits
the interesting new state mentioned before: that of active triangular
clusters. We further subdivide this state into two distinct states. The
“TA” (triangular active, blue) is characterized by a pattern (or lack)
of aggregation that would be expected from a non-magnetic active
system, but with a peak at n = 3 that appears to give rise to trian-
gles. Similarly, “TM” (triangle magnetic, orange) denotes a system
with a baseline aggregation consistent with what would be expected
from a magnetic system, but with a significant peak at n = 3. With
increasing density, these differences are not possible to distinguish
visually, which is why the cluster distribution function p(n) was
chosen. Aside from the direct balance between the activity and mag-
netic interaction strength, the density ϕ of particles also plays an
important role: as ϕ increases, the magnetically dominated fraction
of the phase diagram grows, although the active and triangular-
active states are maintained. This suggests that the microstructure
of the system can be tuned based on the balance of activity to mag-
netic coupling while remaining robust across reasonable densities,
as ϕ = 0.3 is already considered a very high density for a magnetic
system.

In the supplementary material, we have additionally attached
short renderings of the lower-density simulations where an addi-
tional key aspect of the system is highlighted: the spinning of the
aggregates. This is most notable for the small aggregates: in partic-
ular, we can see that the triangular aggregates and the less-frequent
four-particle aggregates spin rapidly. These visually resemble clas-
sic windmills (or modern wind-turbines), after which the motion
is named. On an ensemble level, we see that, as expected from
the lack of chirality, there is no overall rotational ordering of
the fluid.
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For a quantitative, more precise exploration of the microstruc-
ture, we turn to Fig. 4, which shows the cluster distribution function
p(n), truncated at a size of 20 for aggregates. This plot illustrates
the specific state designations, chosen at the same characteristic den-
sities highlighted by the snapshots in Fig. 3. Beginning with the
ϕ = 0.05 low-density plot, we see that all but the active-gaseous
(green), magnetic-dominated (red), and pure magnetic (gray) cases
have a peak at n = 3, which corresponds to the visually observed tri-
angles. While the distinction is less clear from simulation snapshots,
here we can observe that the triangular-active curve (blue) does
qualitatively follow the active-gaseous, although with more overall
aggregation. This stands in contrast to the two triangular-magnetic
curves (orange), which qualitatively exhibit the same baseline of
resembling the magnetic cluster distribution but with a peak at n = 3.
These two curves also serve to illustrate that there is some variety
in the TM state, due to the underlying variance in the magnetic
behavior. While the activity can reduce the aggregation, we would
expect a transition away from a stable cluster-fluid past a percola-
tion threshold as λ and ϕ increase. In practical terms relevant to this
plot, we would expect lower ϕ and λ to still find a variety of smaller
aggregates growing in size (for the dipolar case, following Wertheim
theory58,59), while at higher values, a curve similar to the one shown
for the magnetically dominated and pure magnetic cases is expected
(few, very large aggregates). It appears that the activity is impeding
the magnetic aggregation such that we can still access part of this
state, despite the magnetic interaction being so high (see Sec. III A)
that this is not expected.

In the higher density plot, we see that the increasing aggre-
gation has diluted the respective peak heights. It must be noted
that choosing a plot range that will clearly show n = 3 to illustrate

FIG. 4. Percentage of particles in a cluster of size n, truncated at n = 20 and
n = 30 in order to highlight the n = 3 behavior. Colors also correspond to the states
indicated in Fig. 3, with the Pé = 0 system shown in gray as “PM” (pure magnetic).
Top: ϕ = 0.05 and bottom: ϕ = 0.3. Note the difference in the p(n) axis, as at high
densities, many particles are contained within less frequent, larger clusters.

the state criterion necessitated some truncation: at these densities,
most particles are aggregated in large, but therefore statistically less
frequent, clusters, resulting in a mostly flat distribution. However,
we can still see a distinction between the different states that is no
longer visible in the simulation snapshots. Moreover, we see that
with increasing density, the high-λ and low Péclet triangular mag-
netic cases have collapsed into the magnetically dominated case,
which agrees with the pure magnetic case, as shown in the phase
diagram. This means that now the internal structure of the clusters
is a more relevant question.

Now that we have characterized these different cluster sizes, we
briefly turn to characterizing their windmilling rotation by comput-
ing the average angular velocities of clusters of a given size. This is
calculated by computing ω⃗ (n) = (∑n

i=1 (r⃗i × v⃗)/∣r⃗i∣2)/n for each clus-
ter of size n, where v⃗i is the particle velocity minus the velocity of the
center of mass and r⃗i is the vector that goes from the center of mass
to the dumbbell center. As our particles may only rotate around the
z-axis, there are two possible signs of ω⃗ (n). Thus, in Fig. 5, we aver-
age over the absolute value of each cluster of size n. The strongest
dependency is on the Péclet number, which determines the range
of the average cluster angular velocities. Interestingly, the speed of
pairs is the most stable across different systems, presumably because
of its lack of variation in topology. Similarly, three-particle aggre-
gates windmill at least as fast as other larger aggregates, although the
actual velocity depends on their environment. In the more activity-
dominated systems (blue, green), there is a significant drop-off in
cluster speed past three-particles. Contrasting this, the high-Péclet
triangular active state (solid, orange) shows an almost equal rota-
tion speed for any of the small aggregates from two to four particles.
Interestingly enough, while the average speed of the three-particle
aggregates found for Pé = 10, the triangular magnetic system (orange
dashed) has a lower average cluster speed for three-particle aggre-
gates than the magnetically dominated system (red). This is possibly
related to the issue of cluster fusion and fission, as well as mutual col-
lisions with other clusters, which provide a fluctuating background,
slowing down the rotation compared to the more isolated trian-
gular spinners in the magnetically dominated system composed of
less-mobile, large aggregates. For the larger cluster sizes, we see the
average rotation rapidly decrease to close to zero. Although these do
rotate slightly due to asymmetry, the speed is, on average, very low.

FIG. 5. Average angular velocities of clusters of a given size at density ϕ = 0.05.
Aside from the Péclet number, the speed of the aggregates depends non-trivially
on the number of particles.
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C. Cluster microstructure

Until this point, we have often presumptively referred to n = 3
particle aggregates in specific systems as “triangles.” Our definition
of clustering also currently conflates energetically very different
structures, since the only characterizations are based on the num-
ber of particles. This is interesting to explore since there does
appear to be a visual difference in microstructure. As discussed

in Sec. III A, the magnetic minimum is orthogonal, and a purely
active particle would not have a specific preferred alignment, aside
from shape-anisotropy effects; in other words, there is no unique
direct “triangle-inducing” parameter. To gain an understanding of
the micro-structural motifs, we investigate the mutual angles of
neighboring particles in a cluster of size n, as shown in Fig. 6 for
ϕ = 0.05. It should be noted that, although the magnetic quadrupolar
interactions are symmetric along the long axis of the particle, the

FIG. 6. Histograms showing the count
p(θ) of angles θ occurring within a
cluster of size 2 (top), 3 (middle), and
4 (bottom), normalized by the count of
angles. For pairs, we see characteris-
tic angles close to 90 and a symmetry
with respect to 90○. For the triangles,
we see the combined effect of activ-
ity in the break of symmetry, although
much less so for the magnetically dom-
inated systems and not in the purely
magnetic system. Finally, for the larger
aggregates, we see the effect of increas-
ing magnetic strength. While the aggre-
gation distribution of triangle-magnetic
at high Péclet follows more magnetic
patterns, the internal structuring of the
clusters is still altered by the activity.
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activity is polar; therefore, angles are shown from 0○ to 180○.
A schematic defining this angle is shown in the supplementary
material.

Beginning with the topmost plot, which shows the angle distri-
bution of the pairs, we see that for both the active gas (green) and
the triangular active (blue), there are practically no preferred angles.
However, it must be noted that these plots are all dependent on the
number of clusters of size n in the system to obtain statistics, as these
directly depend on how many angles are averaged over. The ini-
tial triangular magnetic and magnetically dominated systems show
a roughly symmetric distribution around 90○, suggesting the forma-
tion of roughly orthogonal pairs. These two distributions also show
a few alignments close to 0○ or 180○, which are the most unfavorable
in terms of the quadrupole interactions. This symmetric distribution
around 90○ is expected based on the quadrupolar interactions, espe-
cially for large values of λ. Yet, when we consider the high-Péclet,
high-λ triangle fluid, angles above 90○ are preferred, and addition-
ally, some pairs close to 180○ are found. It is the polarity of the
particles that breaks the symmetry. This effect is slightly counter-
intuitive but can be explained when considering that there are two
possible angles for each simple geometric alignment, depending on
the orientation of the director. Close to the magnetic minimum of
90○, this appears to be irrelevant. However, at magnetically unfavor-
able alignment, the higher angle would correspond to the particle
activity pointing inward toward the other particle. This would sug-
gest a sort of jamming effect: for magnetically unfavorable angles,
particles with co-aligned activity can separate due to the torque of
the magnetic repulsion. However, if the particle is pointed in the
opposite orientation, it is not able to separate.

For three-particle aggregates, shown in the middle plot, we see
a pattern of peaks centered around 120○, suggesting the formation
of triangles where all of the particles are aligned to push against
their neighbors. These are consistent whenever such clusters are
abundant—notably, they are present in the triangular active case
(blue), which did not show a preference for pairwise aggregates, but
were not found in the active gaseous case (green). This is also the
case where we see the most pronounced effect of the activity, as the
distribution of angles for the purely magnetic (gray) case is clearly
symmetric. As shown in the videos of the supplementary material,
active triangles necessitate a specific orientation of the polarity to

remain stable: the direction of the activity needs to point inward.
This leads to the angle being counted as 120○, as described in more
detail in the supplementary material. In the case where the activity
is set to zero, the particles are no longer polar, and this distinction
becomes irrelevant, which is why we see the distribution does not
have this strong symmetry break.

For the four-particle aggregates, the behavior now strongly
diverges. The active gaseous state still forms a consistent base-
line (green), while the triangular active case (blue) shows a similar
motif to the n = 3 particle aggregates, hinting at the continued sta-
bility of the triangular base motif, perhaps with added particles.
This also holds for the triangular magnetic case with high activity
(yellow), further suggesting that the activity drives the formation
of triangular motifs. In contrast, the two remaining systems (red,
orange), both with higher λ, have a cluster distribution that is now
shifted to include values around 90○, more closely resembling a
superposition of the n = 2 orthogonal and n = 3 triangular align-
ments. Interestingly, there is a slight peak around 0○ and 180○. This
could either be from jamming, as conjectured for the pair case, or
some attachment of an additional particle to an existing triangular
motif.

To understand how much of this distinct patterning is pre-
served in larger clusters, we turn to the denser systems of ϕ = 0.3.
However, as shown in Fig. 4, these systems feature overall fewer
clusters, meaning that choosing a specific cluster size n would not
necessarily yield good statistics. We, therefore, average over all clus-
ters with sizes between 2 and 200 particles, the results of which are
shown in Fig. 7. Both of the more activity-dominated systems (blue,
green) show a more equal distribution of angles. Interestingly, the
triangular active system is now almost symmetric around 90○. This
suggests that some triangular-type motif remains, even as the polar-
ity becomes less important in systems where the particles are less
able to move freely. The magnetically dominated systems (orange,
red) and the pure magnetic (gray) show a similar distribution as
already found in the four-particle structures of the low-density sus-
pension, allowing for both orthogonal and triangular-based motifs,
although now with significant peaks for neighboring particles at the
angles around 0○ and 180○. The triangular magnetic system shows a
similar spread of angles but higher values around 110○–140○, simi-
lar to the triangular active case, suggesting at least some continued

FIG. 7. Histograms showing the aver-
age count ⟨p(θ)⟩ of angles θ occurring
within a cluster of sizes between 2 and
200, at ϕ = 0.3. Overall, we see that the
more activity-dominated systems show a
lower preference for specific angles and
a reduction of the symmetry break seen
in the low-density systems.
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presence of the triangular motif. This means that despite the aver-
aging and certain visual similarities, the microstructure still exhibits
different underlying trends.

To recapitulate, we have now seen that the clustering behavior
is tunable based on the relative strengths of magnetism and activ-
ity. While this clustering distribution can be chosen, the internal
structure can also be tuned to more reflect triangular or orthogonal
structures, although there is no strict phase transition.

IV. CONCLUSIONS
Our work here introduces a novel system of active magnetic

quadrupolar dumbbells. Despite these building blocks having indi-
vidually known behavior, the combination creates an entirely new
set of states. The quadrupolar magnetic aggregations lead to an
orthogonal alignment in the magnetic limiting cases, which is desta-
bilized by increasing activity. The most novel state is a suspension
of windmilling triangular aggregates, which can be found in a more
dilute form as a form of increased aggregation in an otherwise active
bath or as an unexpected peak in otherwise magnetic suspensions.
Even if the magnetic interactions are allowed to dominate, there
is still a significant deviation from the purely orthogonal ground
state. The microstructure of these aggregates can be tuned by the
balance between the activity and quadrupolar interactions. Despite
the lack of chirality, the particles form spinning aggregates: such
as windmills, these can be based on the triangular three-particle
alignment or an orthogonally based four particle grid. Due to the
simplicity of the system, it could easily be implemented experi-
mentally, for instance, in systems of active granular particles, and
allows for enhancements such as using an external magnetic field
to direct the particles. Moreover, it would be possible to alter the
alignment of the dipolar sites, either creating quadrupoles aligned
perpendicular to the activity or intermediate potentials that are nei-
ther quadrupolar nor dipolar. Another promising avenue for future
study would be to investigate three-dimensional systems. For more
dense systems, Gay–Berne particles with an electric quadrupole
moment have been found to exhibit liquid crystalline phases.60,61

Similar to systems of Laponite or Gibbsite platelets, we would
also expect to see “house-of-cards” type structures as a generaliza-
tion of the herringbone and triangular motifs to three dimensions.
Once we also consider the effects of activity on these structures,
we would expect to see helical motion,62 as the two-dimensional
windmilling rotations would translate into three-dimensional chi-
rality. Overall, this work seeks to illustrate an active system with
a tunable microstructure that gives rise to many new lines of
investigation.

SUPPLEMENTARY MATERIAL

See the supplementary material for a detailed description of the
angle definition, including schematics, as well as short video clips
depicting trajectories of the system.
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