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ABSTRACT

Using particle-resolved molecular-dynamics simulations, we compute the phase diagram for soft repulsive spherocylinders confined on the
surface of a sphere. While crystal (K), smectic (Sm), and isotropic (I) phases exhibit a stability region for any aspect ratio of the spherocylinders,
a nematic phase emerges only beyond a critical aspect ratio lying between 8.0 and 9.0. As required by the topology of the confining sphere,
the ordered phases exhibit a total orientational defect charge of +2. In detail, the crystal and high-density smectic phases exhibit two +1
defects at the poles, whereas the high-density nematic phase features four +1/2 defects, which are connected along a great circle. For aspect
ratios above the critical value, lowering the packing fraction drives a sequence of transitions: the crystal melts into a smectic phase, which
then transforms into a nematic through the splitting of the +1 defects into pairs of +1/2 defects. Our simulations data can be experimentally
verified in Pickering emulsions and are relevant for understanding the morphogenesis in epithelial tissues.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0309849

I. INTRODUCTION

Liquid crystals (LCs) exhibit mesophases, which are character-
ized by a symmetry intermediate between that of isotropic fluids and
crystalline solids."”” This unique coexistence of order and disorder
renders them a subject of significant fundamental interest. Concur-
rently, LCs are exploited in numerous applications, prominently in
optical systems and display technologies’ ~ and increasingly in var-
ious emerging research fields.”” Furthermore, the behavior of LCs
under spatial confinement reveals a wealth of novel phenomena.'’ "
In particular, when constrained to spherical geometries, the inter-
play between topology and order leads to characteristic defect struc-
tures that disrupt the uniform orientational arrangement of the
liquid-crystalline phase. On spherical substrates, the geometric con-
straint frustrates the local hexagonal order of a crystalline phase,
enforcing a total defect charge of +12. Such topological requirements
are accommodated through 12 fivefold disclinations of unit charge,
arranged in a triangulated pattern reminiscent of the stitching on a
football.'®

These topological constraints are not limited to crystalline
order; in nematic liquid crystals, the reduced orientational sym-
metry gives rise to its own characteristic set of defect patterns.'”

According to the Poincaré-Hopf theorem, the total charge of topo-
logical defects for a nematic on a sphere is +2,'° which is typically
realized by the existence of four +1/2 defects on the sphere.'””’
Interestingly, the location of the defect points is governed by the
competition between the different elastic constants in the system.
The Frank-Oseen elastic free energy density for a nematic is given

by],l]
f- %[KI(V )+ Ka(n-(Vxm))P +Ks(nx ¥V xm)?], (1)

where n denotes the director for the nematic phase and K, K3, K3
denote the splay, twist, and bend elastic stiffness, respectively. For
nematic shells of finite thickness, the defect configurations are influ-
enced by the shell geometry and thickness.”’ In the thin-shell limit
on a spherical surface, however, the contribution from twist elas-
ticity K, becomes negligible. Previous theoretical and simulation
studies” ** have demonstrated that, under the assumption of equal
elastic constants, i.e., K = 1, where K is the elastic anisotropy in
the system defined as K = K3/K;, the defect configuration adopts
a tetrahedral arrangement that maximizes the separation between
defect points. In the asymptotic limits of K - oo and K — 0, the
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splay and bend configurations minimize the free energy, respec-
tively, and the resulting defect arrangements at the poles” > exhibit
distinct angular profiles. The value of the elastic anisotropy can
be controlled by physical parameters in a system, such as temper-
ature or density.”® Remarkably, these theoretical predictions were
confirmed through experiments” > on liquid-crystalline shells,
offering compelling evidence of the predicted defect structures.

Extending these investigations from nematic to smectic order,
studies show that the resulting configurations depend on both the
shell thickness and the anchoring conditions.”””’"* They shed light
on the effects of spherical confinement on individual liquid—crystal
phases, often through theoretical and computational approaches
employing shape-anisotropic particle models.”" * Nevertheless, a
comprehensive phase diagram for such systems confined to spher-
ical geometry is still lacking. In this context, it is worth not-
ing that in three-dimensional bulk, hard spherocylinder systems
exhibit a rich phase diagram, encompassing isotropic, nematic,
smectic, and crystalline phases.” For hard or soft spherocylinders,
nematic and smectic phases appear beyond certain critical aspect
ratios (the ratio of length to diameter of a spherocylinder),”’ con-
sistent with Onsager’s theory.”"' ™" In two dimensions, smectic
order is absent and nematic order emerges only for aspect ratios
above 7.0.”> While these phase diagrams®® are well-established in
three- and two-dimensional geometries, it would be highly inter-
esting to construct the phase diagram on a spherical surface, where
the influence of topology on phase stability can be systematically
explored.

Here, we seek to address that interest and examine another key
question: how do defect configurations evolve during phase transi-
tions on spherical topology? Understanding these changes is crucial,
given the diverse significance of defects across soft matter systems.*”
For instance, colloids can be functionalized with defect structures
to create directional bonds*® between neighbors. These can then
be exploited to create colloidal crystals with unusual open lattices
(such as diamond structures) with interesting perspectives for pho-
tonic bandgap materials. Moreover, orientational defects contribute
to the various biological processes,”’ ' such as providing driving
forces of morphogenesis in epithelial tissues, as exemplified recently
for Hydra where the location of defects dictates the formation and
location of different limbs in the embryo.”” This provides motiva-
tion to explore the issue of orientational defect structures on curved
surfaces from a statistical physics point of view.

Therefore, we investigate the phase diagram for a system of soft
repulsive spherocylinders (SRS) on the surface of a sphere and ana-
lyze the defect structures in detail, using molecular dynamics (MD)
simulations. The particle and force-field models used in the sim-
ulations are given in Sec. II. The results are presented in Sec. III,
followed by the conclusions in Sec. I'V.

Il. SIMULATION DETAILS

In this work, we simulate a system of soft repulsive spherocylin-
ders anchored tangentially on the surface of a sphere. The length of
the body axis of the spherocylinders is L, with the diameter of the
spherical part being D [Fig. 1(a)]. Note that the total body length
of the spherocylinders is L + D. The aspect ratio of the spherocylin-
ders is given by A = L/D. An aspect ratio of 0 means a sphere of
diameter D.

ARTICLE pubs.aip.org/aipl/jcp

FIG. 1. Schematics of the system: (a) A soft repulsive spherocylinder (SRS) with
body length L and diameter D. (b) The SRSs anchored tangentially on the surface
of a sphere. The positions of the particles are denoted by the coordinates of their
center of masses, r;, with the origin of the coordinate system at the center of the
sphere. The polar and azimuthal unit vectors 9, gfaj are shown at the position of
the jth particle. The direction of the long axis of the jth spherocylinder or the unit
orientation vector is denoted as §;. The distance of the closest approach between
two spherocylinders is represented by dp. (c) One particular face of the sphere
between two latitudinal lines and two longitudinal lines is shown. For a layered
smectic structure, the center of masses of the particles has an angular periodicity
6y along the longitude. For a crystal phase, an additional periodicity ¢, appears
along the latitude.

The center of masses (#;) of N =10000 spherocylinders are
constrained on the surface of a sphere of radius R i.e., |fi| = R, for all
i € [1,N]. The origin of the coordinate system is at the center of the
sphere [Fig. 1(b)]. The direction of the long axis of the spherocylin-
ders or the orientation vector of the particles are denoted by the unit
vector §;. The tangential anchoring condition, therefore, imposes the
restriction §; - #; = 0. Strictly speaking, considering the diameter D of
the spherocylinders, the system corresponds to a thin spherical shell
of outer radius R + D/2 and inner radius R — D/2 in 3D.

The interactions between the SRSs™*  are represented by a soft
repulsive WCA pair potential,”®

12 6
48[(2) 7(2) :|+£, dm < 2Y/°D,
UWCA(dm) = dm dm . (2)
0, dm >2°D

Here, d,, denotes the distance of the closest approach® between the
spherocylinders [Fig. 1(b)], and ¢ is the associated energy. We have
used the reduced units throughout this manuscript, where energy
and distances are scaled by ¢ and D, respectively. The reduced tem-
perature T” is computed by scaling the temperature value T with
the factor ¢/kp, where kg is the Boltzmann constant. We measured
time in units of D(m/¢)"?, with m being the mass of the spherocylin-
der. The simulations are performed at T* = 1.0 in an NVT ensemble,
maintained using Berendsen thermostats®’ with a temperature cou-
pling time of 71 = 1008t, where 6t = 0.001 is the simulation time
step. We have used two different thermostat couplings for the trans-
lational and rotational motion that give rise to Maxwell-Boltzmann
velocity distribution and ensure the equipartition theorem is main-
tained [see the supplementary material, Figs. S1(a) and S1(b)]. The
packing fraction # of the spherocylinders on the spherical surface

is defined as # = where S, is the area of projection of a

NS,
n(2R+D)*’
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spherocylinder on the spherical surface, which depends on the
system parameters, such as L, D, and R.*

The simulation protocol has three steps—in the first step, we
prepare the initial configuration of the system at a high packing frac-
tion (around 7, ~ 0.84). To achieve this, we first put N particles on
the surface of a larger sphere of radius R; = 2Ry, where Ry is the
required radius to obtain the desired value of packing fraction, i.e.,
1 = 17;. The position of the center of masses of the particles in the
initial configuration are obtained by following a Fibonacci sphere
construction®’ and the orientations of the particles are longitudinal
($i(77) = 0:(#3)), where 6;(#7) is the unit vector along the polar angle
at r; [Fig. 1(b)]. This initial configuration sets up a unique net of lati-
tudes and longitudes for the system. The whole system is then slowly
deflated to a radius of Ry = Ry of the sphere. During deflation of the
sphere, the positions and orientations of the particles were allowed
to relax to avoid any jamming effect in the system.

In the second step, we run the molecular dynamics (MD)
simulations of the system with the specified packing fraction #,
at T* = 1.0. The positions and velocities were updated using the
velocity-Verlet algorithm, while the constraint equations,

|Fil = R, #i - v; = 0,8 - 7i = 0, (3)

where v; denotes the translational velocity of the ith spherocylin-
der, which were maintained using an adaptation of the RATTLE
algorithm.®” The orientations §; of the SRSs obey the equations of
rotational motion'” and they are updated in accordance with the
rigid body dynamics of linear molecules.*” The simulations are run
for a total time of fzr = 1.0 x 10°5¢ [see the supplementary material,
Fig. S1(c)]. This total duration was divided equally into two parts.
The first half was allocated for the equilibration of the system, allow-
ing thermodynamic quantities to reach stable equilibrium values.
The remaining half of the total simulation run-time was designated
as the “production phase,” during which all data were recorded and
subsequently analyzed. The final results shown in this manuscript
are calculated using the trajectory from the production phase.

In the third step, we employed a stepwise expansion proto-
col to investigate the phase behavior as a function of the pack-
ing fraction. Starting with the equilibrated high-density configu-
ration (obtained from Step 2 above), the packing fraction # was
reduced to a new target value by slowly expanding the sphere.
The system was then re-equilibrated at this new packing frac-
tion and data were collected during the production runs. This
expansion-equilibration-production cycle was iteratively repeated
to generate configurations at progressively lower packing fractions.
The packing fraction was systematically varied from an initial value
of 77, ~0.84 down to a final value of #7, = 0.1 using a decrement
of A ~ 0.035 between successive runs. This step size consequently
defines the minimum uncertainty in determining the packing frac-
tions of any phase transitions. This entire simulation set, scanning
all packing fractions, was conducted for SRS of several aspect ratios,
namely, A = 3.0,4.0,6.0, 8.0, 9.0, and 10.0. Finally, to assess potential
finite-size effects on the calculated phase-diagram, the complete set
of simulations (across all 77 and A) was replicated for a larger system
containing N = 20 000 particles.

An additional, important aspect of our methodology is that, as
stated earlier, the initial structure has a longitudinal director con-
figuration. High elastic anisotropy, corresponding to the asymptotic

ARTICLE pubs.aip.org/aipl/jcp

limit K — oo can drive a system to adopt such configurations.”””***
Conversely, we propose that this initial condition of longitudinal
orientation of particles effectively constrains the system to this high-
anisotropy regime, implying a dominant bend elastic stiffness K3
> K in this system. Some of the resulting structures obtained
from our simulations are consequently consistent with theoretical
predictions for this limit. However, we have not explicitly calcu-
lated the elastic constants, as that task is non-trivial and can be
accommodated in a future work.

After the simulations, we analyzed the structures and identi-
fied the phases, based on the positional and orientational order in
the system. The orientational order in the system is measured by
the nematic order parameter S, the largest eigenvalue of the traceless
symmetric tensor Q defined as'

1Y 3 1
Quﬁ = NZ Esirxsiﬁ - E&xﬁ; (4)

i=1

where i is the particle index while «,  corresponds to components
of unit orientation vector §.

The eigenvector #i of Q corresponding to S denotes the direc-
tor of the ordered phase. Due to the system’s spherical topology, the
global order parameter is an unreliable measure of the true nematic
ordering. We, therefore, employed a local averaging method: the
spherical surface was partitioned into a number of faces; the nematic
order parameter was calculated for each; and these values were then
averaged. This approach provides a more accurate depiction, as each
small, quasi-planar face better represents the local ordering than the
single global metric.

We characterize the positional ordering of the particles’ center
of mass (COM) using two parameters: (i) { [as defined in Eq. (5)]
for longitudinal ordering and (ii) a radial distribution function in ¢
(¢-RDF) for latitudinal ordering. The longitudinal order parameter
( also serves as an indicator of the formation of multiple layers, as
layers in this system typically span across the latitude and multiple
such layers are stacked along the longitude. Therefore, considering
the COMs of the particles within each layer forms a latitudinal line,
which repeats itself along the longitude with the angular periodicity
6o [see Fig. 1(c)]. The order parameter ( is designed to capture this
specific periodicity,

(= %Z exp [iZﬂAG(Zi], (5)

i

where 6; is the polar angle given by 6; = cos™' (z;/R), where z; is
the z-component of #;. As noted above, this order parameter was
also calculated by dividing the spherical surface into multiple sub-
surfaces and then taking the average of the order parameter over
them. Note that A0; refers to 0; — Omin, where Onin is the mini-
mum 6 value in each sub-surface. Additional azimuthal periodicity
(¢,) develops within each of the layers at higher densities, which
is revealed by the RDF calculation, done as follows: we first divide
the sphere surface into different subsurfaces and calculated the
azimuthal angle ¢, for the center of mass of each of the particles.
Then, we subtracted ¢, from each of these values, where ¢_. indi-
cates the minimum value of ¢, in that particular subsurface. We
calculated a radial distribution function of the resulting values, A¢,
and then took an average over different faces.

J. Chem. Phys. 164, 064906 (2026); doi: 10.1063/5.0309849
Published under an exclusive license by AIP Publishing

164, 064906-3

L¥:21:60 9202 Areniged /|


https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.8245396

The Journal

of Chemical Physics

Using the order parameters described above, we analyzed the
system’s configurations to identify the phases for various SRS aspect
ratios. We also investigated the role of defect structures within the
ordered states during phase transitions. Strictly speaking, a “phase”
indicates structures at the thermodynamic limit, whereas any con-
fined surface will be inherently finite-sized. Therefore, the term
“phase” in this context, as used throughout this manuscript, is
to be understood as the finite-size steady state structures on the
sphere.

Ill. RESULTS
A. Phases and order parameters

The common phases observed for all the aspect ratios of the
SRSs considered in this work are crystal (K), smectic (Sm), and
isotropic (I) phases. In the crystal (K) phase, we observe that mul-
tiple layers are stacked along the longitude and each layer spans
across the latitude. The crystal (K) phase is thus defined by the pres-
ence of both the orientational and positional orders in the system
[Fig. 2(a)]. The orientational order is given by the nematic director
field along the longitudes (see the supplementary material, Fig. S2).
The positional ordering for a crystal phase is long-ranged in both the
longitude 6 and latitude ¢ directions. The longitudinal order arises
from inter-layer periodicity, while the latitudinal order stems from
the azimuthal periodicity within each layer [Fig. 2(a)].

The smectic (Sm) phase [see Fig. 2(b)] also possesses an orien-
tational ordering and a positional ordering with layered structures.
The smectic phase is distinguished from the crystal phase by its lack
of intra-layer positional ordering of the particle COMs along the
latitude [Fig. 2(b)]. The isotropic phase lacks any orientational or
positional order in the system [Fig. 2(c)]. The nematic phase, which
is observed only for the aspect ratios A > A, (the value of which lies
between 8.0 and 9.0), shows an orientational ordering, (snapshot
shown in Fig. 4) but no positional ordering.
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The structural characteristics of the phases are identified by
their respective order parameters. The crystal phase exhibits high
values of S and { and periodic peaks in the ¢-RDF. It is to be noted
that, due to curvature, we never obtain the idealistic highest value of
the order parameter as 1. The smectic phase also shows similar char-
acteristics in S and { but lacks ¢-RDF peaks, as it has no intra-layer
azimuthal periodicity. The nematic phase, lacking a layered struc-
ture, is characterized by a high value of S, but a low value of {. Finally,
the disordered isotropic phase shows low values for both S and (.

B. Phase behavior

Phase behavior for 3.0: For SRSs with an aspect ratio of 3.0,
decreasing the packing fraction by expanding the spherical surface
(as described in Sec. IT) induces a sequential phase transition from
a crystal(K), to a smectic(Sm), and finally to an isotropic(I) phase.
In order to identify the phase boundaries, we calculated the nematic
(S) [see Eq. (4)] and smectic ({) order parameters [see Eq. (5)] and
plotted it as a function of #, as shown in Fig. 3(a). The sharp rise in
the values of the nematic order parameter indicates an orientational
ordering transition, whereas the same for the smectic order para-
meter reflects the layering transition. Figure 3(a) shows that both
transitions occur at the same packing fraction 5 = 0.726, demon-
strating that the orientationally ordered state has a layered structure.
Therefore, we conclude that there is no nematic phase in the system.
At and below this packing fraction 7, = 0.726, both S and { have val-
ues close to 0, indicating an isotropic phase. Similarly, at and above
the packing fraction 7, = 0.766, both attain a high value, exhibit-
ing a smectic phase. Therefore, we report that the packing fraction
for the Sm-I transition is Homy = 0.75 £ 0.02, where the transition
value indicates the average of the upper and lower limits, 7, and
1, respectively, and the uncertainly value stems from their differ-
ence, which appears due to the discretized packing fraction interval
of Ar used in our simulations, as we already mentioned in Sec. II.
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FIG. 2. Snapshot of states obtained during expansion of a spherical surface of soft repulsive spherocylinders for the aspect ratio A = 4.0, with N = 10000 at T* = 1.0
(a) The crystal phase with both orientational and positional ordering, obtained at a packing fraction of 7 = 0.84. We have shown the longitude (6) and latitude (¢) for
reference. The orientations of the spherocylinders are ordered along the longitude of the sphere (see the supplementary material, Fig. S2). The positional order is twofold:
it consists of multiple latitudinal layers that are stacked with inter-layer periodicity along the longitude and it also features intra-layer periodicity along the latitude. (b) At
n = 0.76, we observe a smectic phase, which retains the layered structure with longitudinal periodicity, while the intra-layer ordering in latitudinal direction is lost. For both
the states shown in panels (a) and (b), there is a +1 defect at each of the poles. At a lower packing fraction of # = 0.12, there is no positional or orientational ordering of
the particles on the sphere (c). We observe no nematic phase in this particular value of the aspect ratio of the spherocylinders. The visualizations are done using VMD.%*
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FIG. 3. Determination of transitional packing fractions at phase transitions for A = 3.0 for a spherical shell of soft repulsive spherocylinders. (a) The nematic (S) and smectic
(¢) order parameters plotted as a function of packing fraction 7. The nematic order parameter indicates the orientational ordering in the system, whereas the smectic order
parameter indicates the presence of a layered structure. Both order parameters show a sharp rise at a packing fraction #, ~ 0.726, which demonstrates that the orientational
ordering in the system appears with the layered structure, and thus, there is no nematic phase for the system. (b) The radial distribution function of the ¢ co-ordinates of the
particles, plotted at different packing fractions. The appearance of a larger number of peaks in the plot at higher 7 shows the emergence of periodicity in the latitude direction,

indicating a crystal-smectic transition.

At higher packing fractions, the system shows signs of intra-
layer periodicity, as captured by the emergent peaks in ¢-RDF plot
shown in Fig. 3(b). We observe that multiple peaks begin to appear
for the system between 7, , = 0.766 and #;,, = 0.806, reflecting the
emergence of periodicity in the latitude direction, indicating a crystal
phase. Therefore, we conclude that the transition from crystal(K) to
smectic(Sm) phase occurs within 7,._g.. = 0.79 + 0.02 for small rods
with aspect ratio A = 3.0.

Phase behavior for A = 4.0, A = 6.0, and A = 8.0: We observe
that, similar to the case of A = 3.0, there is a simultaneous rise in both
the values of S and { for A = 4.0 with #,, = 0.727 and 7, = 0.765,
indicating no nematic phase. Therefore, similarly we concluded that
for the case of A = 4.0, 7, ; = 0.75 + 0.02. The melting transition
occurs at 77,_g, = 0.79 + 0.02.

For A = 6.0, we again confirmed the absence of the nematic
phase. The Sm-I transition occurs at #g, ;= 0.70 +0.04. Simi-
larly, for A = 8.0, the transition packing fractions are 7, ; = 0.60
+0.04,7,_g, = 0.77 + 0.02.

Phase behavior for A = 10.0: The clear evidence of the existence
of the nematic phase can be observed in the system of A = 10.0. In
Fig. 4, we can see three distinct regions: (i) # < #;, = 0.387 with both
S and ( close to 0, indicating an isotropic phase. (ii) 7y, = 0.423
<1 < #y, = 0.602; S obtains a larger value but { remains close to 0,
demonstrating a phase with orientational ordering but no layered
structure, i.e., the nematic phase. In the nematic phase, the director
field on the spherical surface is predominantly along the longitudi-
nal directions, as can be seen in the instantaneous snapshot shown
in Fig. 4. (iii) # > #g,,, = 0.637 showing high values for both S and
(, indicating the smectic phase. The crystallization packing fraction
was also observed to be close to 0.8, using the ¢-RDF analysis. There-
fore, we finally arrive at the phase transition packing fractions given
as g, = 0.80 £ 0.02,55, \ = 0.62+0.02,7,,_, = 0.41  0.02.

Having confirmed the absence of a nematic phase for A = 8.0
and its presence for A = 10.0, we investigated the intermediate aspect
ratio of A = 9.0. Our analysis revealed that this system also exhibits
a nematic phase, with the following transition packing fractions:
Mk sy = 0.78 £0.02, 75, = 0.61 +0.02, and 77,,_, = 0.50 = 0.02.
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FIG. 4. Existence of nematic phase for A = 10.0. In the range 0.423 < # < 0.602,
the structure shows a high value of S, but a low value of ¢, indicating a nematic
phase. The snapshot of the molecular configuration for a nematic phase at a
packing fraction # = 0.6 is also shown. 7 < 0.387 shows an isotropic phase, and
1 > 0.637 exhibits smectic phase. The pink shaded areas denote the transition
packing fractions.

Having identified the phase boundaries for all aspect ratios
studied, we proceeded to construct the system’s phase diagram.

C. Phase diagram

We show the phase diagram for a system of SRS’s anchored tan-
gentially on a sphere in Fig. 5. The colored dots in the phase diagram
indicate the transition packing fractions for the various phases. For
example, at A = 3.0, the packing fraction values 0.79 and 0.75 corre-
spond to the K-Sm and Sm-I transitions, respectively. The solid black
lines connect these points to delineate the phase boundaries. Each
black line is associated with a colored shaded region, which indicates
the uncertainty in calculating the transition packing fraction. It is
worth mentioning here that we do not resolve a possible coexistence
region in the phase diagram, as this is ill-defined for finite systems
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FIG. 5. Phase diagram for a system of SRSs on the surface of a sphere at
T* =1.0. The crystal (K), smectic (Sm), and isotropic (I) phases are observed
for all aspect ratios considered. The points indicate the packing fractions delimiting
the phase transition. The black lines are the guides to the eye. The colored shaded
regions represent the uncertainty in the transition packing fractions. The nematic
phase (N) appears only above a critical aspect ratio of the SRSs (A ), the value
of which lies between 8.0 and 9.0. Above the critical aspect ratio A, as the SRSs
become longer, the transition packing fraction for the nematic phase decreases.
The packing fraction for the K-Sm transition of the system is approximately around
0.8, which is close to the values reported in Refs. 45 and 65-68.

anyway. Our density estimates rather indicate a region where a sharp
cross over between different equilibrium structures takes place.

The melting transition to the crystal phase (K) takes place at a
packing fraction of # ~ 0.8 for all the aspect ratios of the SRS’s (see
Fig. 5) studied in this work. The universality of the transition pack-
ing fraction agrees well with the earlier results reporting a similar
freezing packing fraction for hard rods on a 2D plane. Comparison
with the 2D planar phase diagram (for hard spherocylinders*’) high-
lights a key distinction: contrary to the planar system, the spherical
surface does exhibit a smectic phase. This Sm phase exists within
specific packing fraction intervals that are dependent on the sphero-
cylinder aspect ratio. As expected, the entropically favored isotropic
(I) phase [Fig. 2(c)] is observed at low packing fractions for all aspect
ratios.

In our simulations, we observe a nematic phase for A = 9.0, but
not for A = 8.0, demonstrating that the nematics only appear for
A > 8.0. From the phase diagram, we observe that the lines delim-
iting the Sm-I, Sm-N, and N-I transitions will converge within the
limits A = 8 and A = 9.0, and therefore, the critical aspect ratio for
the appearance of the nematic phase on the surface of a sphere is
Ac € (8,9). However, we presume that a greater number of detailed
simulations with intermediate lengths of the SRS are required for a
more accurate prediction of this I-N-Sm triple-point. Beyond this
critical aspect ratio (A > A.), the packing fraction required to form
a stable nematic phase decreases as the SRSs become longer (Fig. 5).
For comparison, we note that the critical aspect ratio for nematic on
a 2D planar surface for hard spherocylinders is reported to be ~7.0.*°

Comparison between phase diagram in planar and curved
geometries: Ref. 45 presents the phase diagram for hard spherocylin-
ders (HSC) on a 2D plane. Comparing with this result, we observe
that curvature can stabilize a smectic phase, as reported earlier as
well, using theory and experiments.””*"*”’" Related studies on hard

ARTICLE pubs.aip.org/aipl/jcp

rectangles under confined flat 2D geometry also report stable smec-
tic phases’" at similar packing fractions. The critical aspect ratio for
the Sm-N transition for SRS is slightly higher for curved surfaces
than that of the K-N transition in the 2D HSC system. However,
the crystallization packing fraction is almost independent of curva-
ture (1 ~ 0.8). The critical aspect ratio also depends on the shape
and interactions of the particles. Nematic phases are reported for
even smaller aspect ratios of hard ellipses and spherocylinders on

2D flat’*”” and curved surfaces.”®

D. Effect of the system size

The confined nature of the topological surface we are consider-
ing makes the system inherently finite-sized. Hence, it is important
to check for the robustness of the phase diagram with the system
size (or equivalently with the number of particles). Therefore, we
also carried out simulations for N = 20 000 SRSs. In Fig. 6, we com-
pare the nematic order parameters for N = 10000 and N = 20 000,
for the aspect ratio A = 4.0. The nematic order parameter is almost
the same for both systems for all the packing fractions, but the pro-
file is getting a bit sharper for large systems. This indicates first that
the ordering transition and the transition packing fractions do not
significantly alter as the system size gets bigger and that there is
a gradual shift toward the true thermodynamic bulk phase transi-
tion. Therefore, we can conclude that the phase diagram remains
largely invariant with the system size. We should also note that we
might start seeing significant changes in the phase diagram and in
the nature of the phase transitions if we consider very small values
of N, as the radius of the spherical surface will be small and the effect
of surface curvature will begin to manifest.

E. Defect structures and ordering transition

Having established the independence of the phase diagram over
the size of the system, we now consider into the structure and effect
of the topological defects during the phase transitions.

As evident from the phase diagram, the aspect ratio of A = 10.0
exhibits all the four phases (K, Sm, N, and I) at different packing

—e— N =20000
—=— N=10000

0.9
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FIG. 6. Effect of finite system size. Plot of the nematic order parameter S with
packing fraction # for different system sizes N = 10000 and 20 000, shown for
A = 4.0. The nematic order parameter values remain almost independent of the
system size. The transition gets a bit sharper for larger systems but the transition
packing fraction itself is not significantly altered.
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fractions. Therefore, we chose A = 10.0 to study the defect structures
for the various ordered phases. The crystal phase has a longitudi-
nal director configuration with a defect of topological charge +1 at
each pole. When the packing fraction is reduced, the system shows a
smectic phase, with the nematic director still maintaining a longitu-
dinal configuration. In Fig. 7(a), we show a representative snapshot
of the system in the smectic phase, near the south pole. There
exists a defect of topological charge g, = +1 and angular phase y, = 0
(a measure of the angle between the radius vector to any point from
the defect core and the nematic director at that point; see Ref. 25).
Therefore, the total topological charge of the defects on the surface
of the sphere is +2. The defects are indicated by the yellowish-red
region in the images.

Atan even lower packing fraction, each of the topological defect
of charge +1 at the poles splits into two defects with the topological
charge g, = +1/2 and an angular phase of y, = 0 [see Fig. 7(b)]. The
total topological charge of the nematic defects on the sphere is con-
served (+2). The splitting of the defect charge marks the onset of
the phase transition into the nematic phase. In Figs. 7(b) and 7(c),
we have shown the defect configuration on the south and the north
poles of the sphere. Considering all four defects on both the poles of
the sphere, we observe that the defects arrange themselves in a great
circle arrangement [Figs. 7(b) and 7(c)], which has been observed
in previous studies as well.”>”"**** As the packing fraction reduces,
the orientational fluctuations increase and the system makes a phase
transition into the isotropic phase.

This might raise the question of the conditions required to
observe a tetrahedral defect arrangement, which is known to arise
in the limit K = 1."”° In contrast, the structures in our simulations
are consistent with the K — oo limit, as inferred from the system’s
initial ordering (see Sec. II). Thus, the tetrahedral defect arrange-
ment might only occur for very long rods. Achieving the K = 1 limit
necessitates alternate approaches. We can start with randomly dis-
tributed orientations of the particles and compress the system, but

iz
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n = 0.78 (Sm) n=0.57(
FIG. 7. Defect structures at different phases and packing fractions. (a) Snapshot
of the smectic structure on the sphere at packing fraction 7 = 0.78, A = 10.0. For
simplicity, only the +1 defect at the south pole is shown. The defect region is
indicated by the yellowish-red region in the image. This defect at the south pole
breaks in two +1/2 defects when the system undergoes a phase transition to a
nematic phase (b). Similar phenomena occur at the north pole (c), and therefore,
the total topological charge of the four defects in the nematic phase remains +2.
The defects form a great circle, as demonstrated by the black dotted arc on the
image. The yellowish-red region indicates the defect position, whereas the violet-
colored line indicates its orientation.
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this methodology suffers from the serious concern of particles get-
ting arrested due to jamming, which would prevent the system from
reaching its true equilibrium phase. Another possible way might
be thermal annealing of the system, which relies on exploiting the
temperature dependence of the elastic constants, but the required
quench temperature is not known a priori. Either way, we believe
that the phase diagram will remain largely invariant.

IV. CONCLUSION

In this work, we have simulated a system of soft repulsive
spherocylinders tangentially confined to the surface of a sphere
at fixed temperature, exploring a wide range of packing fractions
for different aspect ratios (A). Four stable phases are observed: (i)
isotropic (I), with no ordering in the system, (ii) smectic (Sm)-
with orientational ordering and layered structures along longi-
tudes, (iii) a crystal (K) phase with orientational ordering and
positional ordering in longitude as well as latitudes, and (iv) a
nematic phase (N). The latter, however, is only stable beyond a
critical aspect ratio lying between 8.0 and 9.0. The system exhibits
sharp crossovers between these phases, which we quantify by the use
of suitable order parameters. These associated transitional packing
fractions were computed and found to be consistent with earlier data
obtained for planar hard spherocylinders® and hard disks on the
sphere.®®

We have then localized the topological defects in the ori-
entationally ordered states and linked their relation to the phase
transitions. The crystal and smectic phases have a longitudinal direc-
tor configuration with defects at each of the poles, with topological
charge +1. At a lower packing fraction, each of the +1 defect splits
into two +1/2 defects, marking the onset of phase transition into the
nematic phase. The four topological defects have a total charge of +2
and arrange themselves in a great circle arrangement. This observa-
tion is consistent with a system with infinite elastic anisotropy, the
one we presumably deal with in our simulations.

Directions of future work based on our finding are multi-
farious: First of all, rod-like particles forming smectic phases on
manifolds more complicated than a sphere should be studied,”"””

even if there are cusps.”””” It would be highly interesting to see how
the topology of the manifold is encoded in the defect locations. In
80,81

addition, more complex particle shapes, such as chiral ones,” " can
be considered. Second, studying the dynamics and structure of the
topological defects in detail is itself quite interesting and challeng-
ing. Data-driven and physical order parameter-based techniques can
be leveraged to study these structures in complex manifolds. Finally,
while the current results concern equilibrium questions, the model
can be extended toward non-equilibrium situations.””*’ Examples
include the inflation and deflation processes of the sphere itself*!
or particle self-propulsion, i.e., activity.” ** Active particles on the
sphere have been studied both on the particle-resolved level and
within field-theoretical approaches for different phases,” ' and it
would be interesting to see how the phase diagram obtained here
will be changed when activity is present.

SUPPLEMENTARY MATERIAL

A supplementary file is available for this manuscript. We estab-
lish the validity of our simulations in this supplementary material.
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Furthermore, the file illustrates the orientational structures observed
within the system.
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