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Time-energy trade-off in stochastic resetting using optimal control
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Stochastic resetting is a driving mechanism that is known to minimize the first passage time to reach a
target at the cost of energy expenditure. The choice of the physical implementation of each resetting event
determines the trade-off between the acceleration of the search process and its energetic cost. Here we use an
optimal transport protocol that balances the duration and the energetic cost of each resetting event. This protocol
drives a harmonically trapped Brownian particle between two equilibrium states within a finite time and with
minimal energetic cost. An explicit comparison with other types of finite-time protocols further shows its specific
thermodynamic properties. Its cost is both a lower bound on the cost of unoptimized shortcut protocols and an
upper bound on the cost of optimal protocols which do not ensure final equilibrium. When applying the optimal
transport protocol to implement stochastic resetting, a single lower time-energy bound is reached: This protocol
allows to reach the best trade-off between energetic cost and search time.
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I. INTRODUCTION

Stochastic resetting (SR), initially introduced in the context
of diffusive motion, involves interrupting a stochastic process
at random intervals and resetting it to the origin [1–3]. Re-
markably, SR was shown to substantially reduce the mean
first-passage time (MFPT) required for a diffusing particle to
reach a specified target [1,4]. However, this benefit is accom-
panied by an energetic cost, which has been the subject of
intensive research in recent years [5–12]. Recent experimental
implementations of SR have utilized confining potentials to
guide diffusing particles back to their origins [8,10,13,14].
Naturally, such experiments rely on finite-time manipulations
that increase the MFPT to the target [15–20]. To reduce
the energetic cost of resetting, slow protocols were used,
which further increase the MFPT [10,21]. This underscores
the importance of comprehensive control over both the dura-
tion of resetting events and their associated thermodynamic
costs.

Here we propose to meet this challenge with tools of a
distinct field of research: control theory in finite-time thermo-
dynamics [22–26]. This allows us to tailor the return protocol
driving the particle back to the origin in SR, minimizing
energetic cost as well as the duration of the search process. In
the field of finite-time thermodynamics, the control of small

*Contact author: remigoerlich@tauex.tau.ac.il
†Contact author: roichman@tauex.tau.ac.il

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

dissipative systems has been addressed in the past using dif-
ferent approaches, each of which possess distinct features. A
first point of view focuses on accelerating the relaxation of a
system to equilibrium. Originating from the study of shortcuts
to adiabaticity in quantum systems [27], these protocols were
later applied under the name of swift state-to-state transforma-
tion (SST) to mesoscopic systems subjected to thermal noise
[27–31]. For these constrained yet unoptimized protocols, the
final state is prescribed, but no thermodynamic optimization
is enforced, often resulting in significantly more dissipation.
In contrast, the field of optimal control seeks to minimize
dissipation without necessarily constraining the final state
of the system [32–36]. These unconstrained optimal control
(OC) protocols let the system evolve naturally according to its
intrinsic relaxation dynamics once the manipulation protocol
has ended, only reaching equilibrium asymptotically.

Naturally, these two research directions led to the de-
velopment of a third class of control protocols, constrained
optimal transport (OT) protocols as illustrated in Fig. 1. These
protocols are derived by minimizing dissipation under the
constraint of reaching thermal equilibrium at the end of the
protocol [29,34,37,38]. As such, they are a special case of
optimal control, in which the constraint on the final state takes
the form of distinct boundary conditions in the optimization
procedure [24,39].

Such protocols were derived and implemented experimen-
tally for transitions in trap stiffness or trap center in the
overdamped [37,40] and inertial regimes [41], as well as for
transitions involving temperature changes [42], proving their
feasibility in the laboratory.

The time-energy trade-off achieved by the constrained OT
protocol is pivotal in any operation where both duration and
thermodynamic cost are crucial, for example, cyclic Brownian
motors [24,43,44] or SR as we demonstrate here.
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FIG. 1. Optimal protocol λ(t ) transporting a harmonically
trapped Brownian particle from an equilibrium state centered in λi

to a new equilibrium state, centered in λ f , within a finite time t f

while minimizing the energetic cost of the transformation. This is
achieved by a time-energy optimization procedure [37,40,42], which
combines both a swift equilibration [28] with thermodynamically
optimal solutions [32].

II. OUTLINE

Using a Lagrangian-based constrained minimization, we
provide a direct derivation of an OT protocol that transports a
Brownian particle using a moving harmonic potential (Fig. 1).
Such protocol was previously explored in Refs. [34,37,38]
and takes a very simple profile, which replicates results from
optimal transport geometry [45–47]. By comparing this pro-
tocol to OC protocols [32] and unoptimized SST methods
[28], we show that its energetic cost is the upper bound for
the former and the lower bound for the latter. This double
limiting role reflects the optimal trade-off between duration
and dissipation and illustrates a refined second law for finite-
time processes [26]. Finally, we apply the OT protocol to
search under stochastic resetting, where there is a trade-off
between the energetic cost of resetting and the time to reach
the target. The use of the OT protocol in this inherent trade-off
[10,12,13,21,48] establishes a performance bound for alterna-
tive finite-time resetting implementations and constitutes the
main finding of this study.

III. DERIVATION OF THE OPTIMAL PROTOCOL

We consider a Brownian particle trapped in a harmonic
potential V (x, λ) = 1

2κ (x − λ)2, centered at λ with stiffness κ .
The dynamics of the particle follows an overdamped Langevin
equation,

ẋ(t ) = −ω0(x(t ) − λ(t )) +
√

2Dξ (t ), (1)

where ω0 = κ/γ with γ denoting the Stokes friction coeffi-
cient. The diffusion coefficient is given by D = kBT/γ , where
kB is Boltzmann’s constant and T is the absolute temperature.
We define u(t ) ≡ 〈x(t )〉 as the mean position, averaged over
the noise ξ (t ), which obeys the following simple differential
equation:

u̇(t ) = −ω0(u(t ) − λ(t )). (2)

Using this simple equation of motion, we derive the optimal
protocol λOT(t ) that drives the mean position from the initial
value ui = λi at time ti = 0 to a final position u f = λ f within a
finite time t f , while minimizing the associated energetic cost.

The derivation, detailed in Appendix A, is based on the
functional J = ∫ t f

0 (Ẇ + μ[u̇ − ω0(λ − u)])dt and is simi-
lar to a previous general derivation [39]. The first term in
the functional corresponds to the mean work cost of the
transformation, evaluated with the tools of stochastic thermo-
dynamics W = ∫

Ẇ dt = ∫
κ (λ − u)λ̇dt [49–51]. The second

term imposes the equation of motion Eq. (2) with a La-
grange multiplier μ. Minimizing J using the Euler-Lagrange
equations yields ü = 0. Imposing the boundary conditions
for u directly gives the optimal transport path uOT(t ) = λi +
�λt/t f , where �λ = λ f − λi. Finally, inserting it into the
equation of motion gives the optimal transport protocol

λOT(t ) = λi + �λ
ω0t + 1

ω0t f
. (3)

This protocol, obtained here by a direct Euler-Lagrange min-
imization, also corresponds to the optimal transport map
for this Gaussian system in the space spanned by the L2-
Wasserstein metric [46]. It naturally takes the form λOT(t ) =
uOT(t ) + l: The sum of the geodesic path uOT(t ) and a counter-
diabatic term l = �λ/ω0t f that induces discontinuous jumps
[47] (Appendix B). This result is a special case of the gen-
eral framework of optimal transport [29,34,38]. The specific
optimal transport protocol for Gaussian states was previously
derived for the case of translation of a potential, our Eq. (3),
but also for the case of stiffness changes and for their combi-
nation [37,40,41,46].

IV. THERMODYNAMICS OF OPTIMAL TRANSPORT

We now investigate the properties of the optimal protocol
λOT(t ), in direct comparaison with other finite-time methods.
We complement analytical results with numerical solutions
of the Langevin equation [Eq. (1)]. For this analysis, we
adopt physical parameters and conditions typical of optical
trapping experiments involving micron-sized particles at room
temperature [37,40,42]. Specifically, we set the characteristic
correlation time of the particle’s position in the trap to ω−1

0 ≈
10−3 s, and the corresponding positional standard deviation to
σ = √

D/ω0 ≈ 15 nm. We study transformations where the
potential is shifted from λi = 0 to λ f = 5σ .

In Fig. 2(a), we present the OT protocol λOT(t ) (red line)
for a protocol duration set to t f = ω−1

0 /2. Here the two dis-
continuities in the protocol and its strong overshoot beyond
the target position are clearly visible. Due to the Gaussian and
linear nature of the process, the initially Gaussian distribu-
tion remains Gaussian at all times. Furthermore, if the initial
state is at thermal equilibrium, then the variance remains
constant in time. The evolution of the state is therefore fully
characterized by its mean u(t ) = 〈x(t )〉. In addition to the
exact theory, we numerically evaluate trajectories from 104

independent Langevin simulations subjected to the optimal
protocol λOT(t ), which is also shown in Fig. 2(a) (gray-blue
dash-dotted line). As expected, the mean position successfully
relaxes to the new equilibrium value λ f within the prescribed
time t f : The protocol constrains the equilibration time of the
system below the thermal relaxation time.

The acceleration of relaxation necessarily comes at an
energetic cost: Work is exchanged with the time-dependent
confining potential while heat is exchanged with the
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FIG. 2. (a) Optimal transport (OT) protocol λOT(t ) (red line) in
units of the standard deviation σ = √

kBT/κ of the trapped particle,
as a function of time, in units of the natural relaxation time ω−1

0 . The
mean position u(t ) (gray-blue dash-dotted line) reaches equilibrium
uOT(t f ) = λ f exactly in the prescribed time t f = ω−1

0 /2 (vertical red
line). In the legend, we emphasize the geodesic and counterdiabatic
components of the protocol [47]. (b) Constraint but unoptimized
swift state-to-state transformation SST) protocol λSST(t ) (orange
solid line) and associated u(t ). (c) Unconstrained optimal control
(OC) protocol λOC(t ) (light green line) and associated u(t ). (d) Un-
constrained and unoptimized abrupt (Step) protocol λStep(t ) (blue
line) and associated u(t ). (e) Total work cost �W corresponding to
each protocol.

surrounding heat bath [49]. Each protocol λ(t ) together with
associated system’s response u(t ) lead to a distinct ensemble-
averaged work W (t ) and heat Q(t ) (see Appendix A for
details). The first law of thermodynamics imposes that, at the
end of the process, the cumulative heat and work are equal
[49]. The net cost of each protocol can therefore be evaluated
as the total accumulated work cost �W = ∫ t f

0 Ẇ (t )dt . For
the OT protocol, the cost �WOT splits into three additive
contributions: one from the linear part of the protocol and two
from the initial and final discontinuities (Appendix A). Their
sum yields a remarkably compact expression,

�WOT = γ�λ2

t f
, (4)

a product of γ and the quadratic cost function divided by
the duration of the protocol [26], shown as a red bar plot
in Fig. 2(e). This simple result can be expressed in other
forms: (i) It directly corresponds to the product of the mean
drag force γ u̇ and the distance �λ; (ii) it also reproduces the
result of optimal transport geometry, as �λ2 corresponds to
the squared Wasserstein distance between the initial and final
states (Appendix B) [46,52].

The advantages of this OT protocol become particularly
evident when compared to other types of driving protocols.

Without thermodynamic optimization, an accelerated relax-
ation can be obtained by deriving an SST protocols λSST(t )
[28,29,31] for the case of a moving potential with constant
stiffness. To do so, and in line with [28], we impose a polyno-
mial ansatz for the mean position u(t ) and solve the EOM for
λ(t ) with appropriate boundary condition (Appendix C), en-
suring continuity and equilibration of u(t ) within the imposed
time t f as seen Fig. 2(b) [53]. This cost of this unoptimized
SST protocol �WSST [orange bar in Fig. 2(e)] is exactly 20%
larger than the cost of the OT protocol. Importantly, both OT
and SST protocols yields energetic costs which are indepen-
dent of the stiffness of the employed potential, which is not
the case generally (Appendix A).

In contrast, unconstrained OC protocols do not impose
final equilibrium state but seek for a global energetic mini-
mum [32,33,54]. Such protocol is shown in Fig. 2(c) together
with the associated mean position, which does not reach the
final equilibrium mean position within the finite duration
t f . Instead, u(t ) still follows an exponential relaxation to-
ward the final equilibrium state after the end of the driving.
Interestingly, the expression of the OC protocol, λOC(t ) =
λi + �λ(ω0t+1)

ω0t f +2 , and its energetic cost �WOC = κ�λ2

ω0t f +2 closely
resemble the result in Eq. (3) and Eq. (4). The energetic cost of
the OC protocol [green bar in Fig. 2(e)] is significantly smaller
than the cost of the OT and SST protocols, which constrain the
final state of the system.

Finally, the simplest Step protocol λStep(t ), shown on
Fig. 2(d), is both unconstrained and unoptimized. In that
case, the mean position follows an exponential decay u(t ) =
λ f (1 − exp[−ω0t]]) and the work injected reads �WStep =
κ
2 λ2

f [blue bar Fig. 2(e)] exceeds the cost of the OC protocol.
In the case of both unconstrained OC and Step protocol, the
work cost depends directly on the stiffness κ of the potential,
in contrast with the cost of OT and SST solutions.

V. LOWER BOUND, UPPER BOUND

The OT protocol plays a key role in the thermodynamics
of finite-time processes since, as seen in Figs. 3(a) and 3(b),
the time-energy relation �WOT(t f ) [Eq. (4)], which is obeyed
when following the OT protocol, corresponds to two distinct
bounds.

First, due to the optimization procedure, the cost �WOT

is a lower bound for any SST protocols, which we illustrate
in Fig. 3(a) by comparing �WOT to �WSST for third (orange
line) and second-order (yellow line) polynomial SST solu-
tions (Appendix C). This corresponds to a special case of
the refined second law (Eq. (6.1) in Ref. [26]) bounding the
entropy production of finite-time processes. As a consequence
of optimization, the cost of OT forms the boundary of a region
(shown in gray) inaccessible to any other protocol that ensures
final equilibrium within t f . Second, the same �WOT is an
upper bound for OC protocols [39] as we illustrate in Fig. 3(c).
The cost �WOC depends on the stiffness, which leads to a de-
generacy of time-energy relations �W (κ, t f ). As the stiffness
increases, the work �WOC converges to the work engaged in
the constrained optimal protocol �WOT. For slow protocols,
both work cost also meets, converging to 0 in the quasistatic
limit. Importantly, for OC protocols, t f corresponds to the
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FIG. 3. Total work cost of the protocols in units of kBT as a
function of their duration t f in units of ω−1

0 . (a) The cost of the
optimal protocol (red solid line) is a lower bound for SST in time,
excluding the lower triangular region highlighted in light gray. The
cost of a third-order (orange dash-dotted line) and of a second order
(golden dotted line) SST protocols are shown, both belonging to the
upper triangle. (b) The same cost is an upper bound for unconstrained
OC protocols (green to blue solid lines for increasing stiffness κOC ∈
[0.1κ, 10κ]).

duration of the protocol but not to the full relaxation of the sys-
tem. In the next section, we show that this double-bounding
role becomes a fundamental time-energy minimum in a case
where the duration of the relaxation is penalizing the process.

VI. APPLICATION: TIME-ENERGY TRADE-OFF
FOR STOCHASTIC RESETTING

We now explore the application of this optimal dragging
protocol to finite-time implementation of SR [1,2,15]. A
crucial result of SR lies in its ability to accelerate search pro-
cesses, by reducing the MFPT needed for a particle to reach
a target located at an arbitrary distance x0 [1]. More precisely,
for Poissonian resetting to the origin at a rate r, and for a
target located at a position x0, the MFPT 〈Tinst〉 of an instan-
taneous resetting process reads 〈Tinst〉 = r−1(exp[x0/〈|x|〉] −
1), where 〈|x|〉 = √

D/r is the mean absolute position in the
nonequilibrium steady state [1].

From a thermodynamic point of view, resetting drives the
system into a nonequilibrium steady state, maintained only
via a constant supply of energy [5–12,21,55]. In experiments,
SR is implemented via explicit finite-time return protocols
[8,10,13,14]. In that case, the MFPT is increased by a number
n = r〈Tinst〉 of resetting events of duration trst that occur be-
fore the target is reached [8,13,15]. It leads to a longer MFPT,

〈T 〉 = 〈Tinst〉(1 + rtrst ). (5)

Important theoretical efforts have explored the consequences
of such realistic finite-time resetting [15–20]. Energetically,
the cost of such realistic SR processes is the sum of the cost
of each return protocol [8,10]. Mitigating the energetic cost
of finite-time SR with its effect of the MFPT is necessary to
obtain an optimal search solution [48,56,57].

Since the seminal paper of Evans and Majumdar [1], sev-
eral works have focused on optimizing the resetting policy
(such as the distribution of resetting times) to reduce MFPT
[4,58–60]. Here we focus on thermodynamics and investigate

the optimization of individual return protocols while keeping
the resetting policy fixed. We demonstrate that the use of OT
protocol to apply resetting leads to an optimal time-energy
bound, mitigating MFPT increase and dissipation. To do so,
we apply λOT for each resetting event, using as initial condi-
tion λi = x(t ) the stochastic position x(t ) of the particle at the
resetting instant t and λ f = 0 as the end point. This allows us
to drag the particle from x(t ) back to the origin within a finite
time trst.

The use of constrained protocols [λOT or λSST; Figs. 2(a)
and 2(b)] enables a clear control over trst: The duration of
the resetting event is imposed by the protocol trst = t f . For
unconstrained protocols [λOC or λStep; Figs. 2(c) and 2(d)],
the duration of the resetting event is ill defined. Still, the
exponential nature of the relaxation in the resetting potential
allows us to evaluate the time needed to bring the average
position u(t ) back to the origin up to a fixed threshold (that
we define as .1% of the standard deviation in the resetting
potential σ ; more detailed is found in Appendix D).

From a thermodynamic point of view, the work cost of each
protocol can be evaluated with stochastic thermodynamics,
as shown above. At the level of individual trajectories and
following the optimal protocol derived here, the work cost
of a single resetting event reads �wOT = γ x(t )2/trst . If one
ignores the presence of the absorbing boundary in x = x0, then
the average work is characterized by the typical length scale
ζ ≡

√
〈x2〉 = √

2D/r. It leads to a remarkably simple result
W rst,s

OT = γ ζ 2/trst = 2kBT/rtrst. Instead, taking into account
the fact that the target forms an absorbing boundary excludes
contributions of transports from x > x0 to the origin. This
reduces the mean work to W rst

OT = 2αkBT/rtrst . The correction
factor α = (1 − e−z )−1 + z2

4 (1 − cosh[z
√

1 − e−z])−1, with
z = x0r

√
r/D, can be derived from calculating the second

moment of the quasistationary solution to the Fokker-Planck
equation with an absorbing boundary [2] and is independent
of trst [61]. This simple result yields a trade-off relation which
optimally mitigates MFPT and energetic cost,

〈T 〉 = 〈Tinst〉
(

1 + 2αkBT

W tot
OT

)
. (6)

One can reduce the MFPT only at the price of a larger ther-
modynamic work, or conversely, one can obtain SR at a low
thermodynamic cost, at the price of an increasing MFPT.
Similar trade-off relations have been studied in the past with-
out explicit optimization, all of which features the generic
property that a higher work leads to a shorter MFPT [48,56].
The OT protocol utilized here, however, ensures the optimal
trade-off between work and MFPT.

The obtained trade-off Eq. (6) is shown on Fig. 4(b) (red
solid line). It is fully characterized by trst , independently of
the potential stiffness. The analytical result is verified with
numerical simulations (red squares). More generally, the work
expression used in Eq. (6) is valid as long as the standard
deviation in the resetting potential σ is small with respect
to the typical scale of the SR process ζ . This is always the
case in realistic experimental contexts [8,10,13]. A detailed
quantitative verification of the limits of our assumptions is
presented in Appendix D, demonstrating that our results hold
even for surprisingly low stiffness, with σ ≈ ζ [63].
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FIG. 4. (a) Typical snapshot of a numerical simulation of SR
implemented with OT protocol [62]. We magnify two examples of
resetting events, with the protocol underlined in red, to highlight that
both the slope and the amplitude of the jumps in the protocol are
depending on the position x(t ) at the beginning of the resetting event.
The duration of all resetting events is fixed to trst . (b) Time-energy
trade-off relation for resetting: mean first-passage time 〈T 〉 of finite-
time resetting normalized by its instantaneous counterpart 〈Tinst〉 as a
function of the average thermodynamic cost of each resetting event
(in units of kBT ). MFPT and work cost of the OT protocol form a
time-energy bound (the red solid line corresponds to Eq. (6) and
the red squares to the result of numerical simulations) defining an
excluded region (gray filled area). All other protocols, SST (orange
dash-dotted line), Step (blue dashed line), and unconstrained OC
(green to blue solid lines for increasing stiffness) lie above this bound
(Parameters: target distance x0 = 0.1 µm, resetting rate r = 36s−1

resetting rate r = 36 s−1, i.e., the optimal rate that minimized 〈Tinst〉
[4], stiffness of the resetting potential κ = 20 pN/µm for the con-
strained protocols and stiffness κOC ∈ [.1, 100]κ for OC protocols).

The OT protocol achieves a minimal time-energy bound
for any finite-time implementation of SR, as we verify via
comparison with other driving protocols. Using SST proto-
col (orange dot-dashed line) yields a 20% higher energetic
cost for the same time-constraint. Conversely, when using
unconstrained OC protocols, the energetic cost is low, but the
temporal cost is large. In that case, the cost depends on the
stiffness of the resetting potential. This degeneracy lead to
a series of time-energy lines (from green to blue thin lines)
in Fig. 3, each corresponding to varying trst with a constant
stiffness. In the high stiffness (towards blue line) and/or slow
protocols limits (towards small W ), it approaches the OT pro-
tocol bound. In the fast protocol limit, the OC protocols reach
the limit set by Step protocols, as one expects. We showed
in Figs. 3(a) and 3(b), that the optimal protocol derived here
forms a twofold bound, separating constrained from uncon-
strained driving protocols. In the case of SR, relaxation time

becomes a variable of interest and this bound takes a stronger
optimal trade-off form, mitigating time and energy in an ideal
way, as illustrated by Eq. (6) and Fig. 4(b).

VII. CONCLUSION

In this work, we use a Lagrangian method to obtain an
optimal transport protocol, for the translation of a diffusive
particle in a moving harmonic trap. This protocol, which has
been obtained via minimization methods [24,38] or geometric
approaches [46], enforces equilibrium over finite time, which
allows fast transition for the system, at a minimal energetic
cost, which forms a key trade-off in the design of microma-
chines. The cost of this optimal transport protocol forms a
double-sided time-energy bound on the energetics of other
families of driving protocols. The application of this proto-
col to resetting further illustrates its relevance: It leads to a
universal trade-off relation between the speedup of the search
process and its energetic cost, bounding from below all other
protocols. This provides a method for realistic implementa-
tions of SR mitigating efficiently energy and time. Along the
lines of this work, stochastic resetting can alternatively be
realized via the compression of a potential centered at the ori-
gin [10,13,14,19,64,65]. Optimal transport solutions also exist
in this regime [37,40,46]. A systematic comparison between
optimal translation and optimal compression for SR will be
the subject of future investigations.
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APPENDIX A: OPTIMAL PROTOCOL AND ITS
ENERGETIC COST

We seek for the protocol λOT(t ) that will drive the mean
position from u(0) = λi to u(t f ) = λ f in a finite time t f

while minimizing the work cost (which also correspond to
the dissipated heat). The work can be expressed from the
dynamics of the particle and the confining potential, us-
ing standard stochastic thermodynamics [49]. The stochastic
increment of work reads dw = ∂V/∂λdλ = κ (λ − x)dλ =
κ (λ − x)λ̇dt . The net energetic cost of a transformation
is evaluated as the ensemble-averaged and time-integrated
stochastic work,

�W =
∫ t f

0
κ (λ − u)λ̇dt . (A1)
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FIG. 5. (a) Schematic representation of the optimal protocol
λOT(t ). The jumps of amplitude l in the beginning and at the end of
the protocol are such as to ensure a constant force exactly canceling
the viscous drag on the Brownian object. It allows the geodesic
transport at a constant velocity from λi = 0 to λ f in time t f . (b) The
amplitude of the jumps l are, by construction, ensuring a constant
force on the Brownian particle. The jumps l1 and l1 are adapted to
the stiffness of the potential.

In order to derive the optimal protocol, we build the following
functional:

J =
∫ t f

0
(κ[λ − u]λ̇ + μ[u̇ − ω0(λ − u)])dt, (A2)

where the first term in the integrand correspond to the work
cost, while the second correspond to the constraint that u,
u̇, and λ are related by the equation of motion. This con-
straint is imposed via a Lagrange multiplier μ. The integrand
therefore forms a Lagrangian L(u, u̇, λ, λ̇, μ, μ̇). The optimal
protocol λ is obtained by solving the three Euler-Lagrange
equation corresponding to each variable. The Euler-Lagrange
equation arising from the μ variable is simply the equation of
motion.

The Euler-Lagrange equation lead to the constraint the
optimal path has to obey ü = 0, i.e., u(t ) = at + b. Imposing
here the appropriate boundary condition leads to the optimal
transport path

uOT(t ) = λi + λ f − λi

t f
t . (A3)

Inserting this solution in the equation of motion yields the
optimal transport protocol

λOT(t ) = λi + (λ f − λi )(ω0t + 1)

ω0t f
. (A4)

In Fig. 5(a) we sketch the optimal protocol (red line) as
well as the mean trajectory u(t ) responding to it. We underline
with vertical arrows the two discontinuities, of amplitude l =
�λ/ω0t f . During the protocol, the particle moves at constant
speed u̇ = �λ/t f . In Fig. 5(b) we illustrate the dependence of
the amplitude of the jumps l on the stiffness. The disconti-
nuities impose a constant force κl immediately balancing the
drag force γ u̇. This is the origin of the stiffness independence
of the work cost, in variance with unconstrained protocols.

FIG. 6. Energetic cost corresponding to each protocols (same
parameters as in Fig. 2). (a) Mean work for protocol corresponding to
OT (red), SST (orange), OC (light green), and Step (blue). (b) Mean
heat in the same cases.

Energetics

Both work W (t ) = κ
∫ t

0 λ̇(λ − u)dt ′ and heat Q(t ) =
κ

∫ t
0 u̇(λ − u)dt ′ can be measured along stochastic trajectories

and averaged over the ensemble. The time-dependent energet-
ics under the different protocols presented in the main text is
shown in Figs. 6(a) and 6(b). The work takes a form close to
the protocol’s profile, while the heat follows the response of
the system. On can note in Fig. 6(b) the linear heat dissipation
during the OT protocol, reflecting its geodesic nature.

The first law imposes that �W = W (t 	 ω−1
0 ) − W (0) =

�Q. The net energetic cost of each protocol can be evaluated
as the finite difference �W .

For the OT protocol, �WOT splits into three contributions.
The initial discontinuity from λ(t = 0−) = 0 to λ(t = 0+) =
l yields a work �W1 = κl2/2. The protocol itself where λOT

and uOT evolve linearly yields a work �W2 = κl2ω0t f . Fi-
nally, the final discontinuity from λ(t = t−

f ) = 2l to λ(t =
0+) = λ f yields a work �W3 = − κ

2 l2 that cancels the cost
of the first discontinuity.

The net cost of the optimal protocol therefore reads
�WOT = γ (λ f − λi)2/t f [Eq. (4) in the main text]. As
sketched Fig. 5(b) the amplitude l of the discontinuities en-
sures a constant force F = κl = γ λ f /t f and the optimal work
takes the very simple form of F · λ f , independently of the
stiffness.

FIG. 7. Mean work as a function of the protocol duration for
constrained OT (red), constrained SST (gray-blue), unconstrained
OC (light green) and Step (blue). The symbols correspond to an
average over 104 Langevin simulations and the solid lines show the
respective analytical predictions.
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In Fig. 7, we show the value of �W measured as an
ensemble average over 104 independent numerical simula-
tion for various protocol durations t f , with a fixed stiffness
κ = 1 (pN/µm). The results of simulations (symbols) are
compared to the analytical expressions �WOT = γ λ2

f /t f (red),
�WSST = 1.2 × γ λ2

f /t f (gray-blue), �WOC = κλ2
f /(κt f /γ +

2) (light green), and �WStep = κλ2
f /2 (blue).

APPENDIX B: RELATION TO GEOMETRIC APPROACHES

The time-dependent probability density P(x, t ) of the
Brownian particle in the potential V (x, t ) obeys the Fokker-
Planck equation ∂t P(x, t ) = −∂x[v(x, t )P(x, t )], where
v(x, t ) = −∂x[V (x, t ) + kBT ln P(x, t )]/γ is the mean local
velocity. Optimal transport seeks to find the time-dependent
potential VOT(x, t ) which will enforce the optimal velocity
field and probability density {vOT(x, t ), POT(x, t )} such that
the entropy production � is minimized, under the constraint
that the system obeys the Fokker-Planck equation [52,66].
The total entropy production � = �Ssys + �Q/T is the sum
of the system’s entropy �Ssys and the medium’s entropy
given by the heat exchanges with the bath divided by the
temperature �Q/T [51,67]. The second law sets its positivity
� � 0. It can be expressed as the integral �(t ) = ∫ t

0 σ (t ′)d ′t
of the entropy production rate, which itself can be written
using v(x, t ) and P(x, t ) [50,51]

σ (t ) = γ

T

∫
|v(x, t )|2P(x, t )dx. (B1)

The minimal entropy production �OT for a transformation
from Pi(x) to Pf (x) within a finite time t f is reached if the sys-
tem’s evolution P(x, t ) follows, at constant speed, a geodesic
of the space spanned by the L2-Wasserstein distance [26,46].
Its value is then given by

�OT = γ

T t f
W2(Pi, Pf ). (B2)

In our case of a moving Gaussian in a harmonic oscillator
of constant stiffness and as demonstrated in Refs. [46,52],
W2(Pi, Pf ) = |λ f − λi|2 and we obtain �OT = γ�λ2

T t f
. Since in

that case the system’s entropy is constant �Ssys = 0, we have
�QOT = �WOT = T �OT = γ�λ2/t f , which corresponds to
the cost of the OT protocol given in the main text.

The time-dependent driving UOT(t ) = κ[x − λOT(t )]2/2 is
determined by the protocol λOT(t ) which decomposes into a
geodesic uOT(t ) = λi + �λ t/t f and a counterdiabatic term
l = �λ/ω0t f [47]. The linear nature of the optimal path
uOT(t ) is a consequence of the Euclidean space induced by
the Wasserstein metric on Gaussian states: geodesics are
straight lines [46,52]. The counterdiabatic term induces two
discontinuities—at the beginning and at the end of the proto-
col [68]. The amplitude l of the discontinuities, set by t f and
the physical parameters of the system, induce a force κl = γ u̇,
exactly compensating the drift force. This allows the system
to follow the linear geodesic at constant speed.

FIG. 8. [(a)–(c)] Protocol λ(t ) (orange solid line) and mean
position u(t ) (gray-blue dash-dotted line) in units of the standard
deviation σ , following the three types of swift equilibration protocols
[Eqs. (C2), (C3), and (C4)]. The mean position u(t ) is the average
over 104 Langevin trajectories undergoing the same protocol. [(d)–
(f)] Associated work (blue line) and heat (golden dash-dotted line) in
units of thermal energy kBT .

APPENDIX C: VARIATIONS OF ENGINEERED
EQUILIBRATION

We derive here swift state-to-state transformation protocols
[27–29,31,69] adapted to our case of a moving harmonic po-
tential of constant stiffness. To do so, we impose a polynomial
form on the evolution of the mean position u(t ) = at̄3 + bt̄2 +
ct̄ + d where the time-variable t̄ = t/t f is normalized by the
imposed protocol duration [28]. The coefficients of the poly-
nomial are obtained by imposing four conditions, u(0) = 0,
u(t̄ = 1) = λ f , u̇(0) = 0, and u̇(t̄ = 1) = 0, leading to the
following accelerated path:

u(t̄ ) = λ f (−2t̄3 + 3t̄2), (C1)

which can be readily inserted in the equation of motion Eq. (2)
to obtain the associated protocol

λSST(t ) = λ f

(
−2t̄3 +

[
3 − 6

ω0t f

]
t̄2 + 6

ω0t f
t̄

)
. (C2)

This protocol, together with the associated path Eq. (C1)
measured on an ensemble of 104 Langevin simulation, is
shown Fig. 8(a) [as well as Fig. 2(b) of the main text]. As
clearly seen in these figures, the protocol indeed brings the
mean position of the particle to the final position λ f within
the imposed duration t f .

This swift equilibration protocol is not built with a thermo-
dynamic optimization procedures. In turn, it involves a larger
amount of work and heat, in order to obtain the same acceler-
ation as the optimized protocol. The work injected during the
protocol [shown on Fig. 8(d)] can be evaluated analytically as
W (t ) = κ

∫ t f

0 λ̇(t )(λ(t ) − u(t ))dt . When integrated over the
full protocol, it yields to �WSST = 6

5�WOT.
Due to the overdamped nature of the process, the two

constraints on the final velocity u̇(0) = 0 and u̇(1) = 0 can
be lifted. Therefore, a lower-order polynomial can be used
to build SST protocols [shown Figs. 8(b) and 8(c)]. Using a
polynomial of order 2 u(t̄ ) = at̄2 + bt̄ + c two distinct SST
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FIG. 9. Agreement between analytical results and numerical
simulations, for various stiffnesses κ ∈ [1, 100] pN/µm (which is
the typical range of experimentally achievable stiffnesses [10]). This
corresponds to cases ranging from σ ≈ ζ/100 (red diamonds) to
σ ≈ ζ (blue down-triangles). (a) Normalized MFPT 〈T 〉/〈Tinst〉 as
a function of the protocol duration t f , measured on numerical sim-
ulations over N = 1500 independent stochastic trajectories, together
with the analytical result (1 + rt f ). (b) Mean work cost of a single
resetting event in units of kBT as a function of the protocol duration
t f , measured on the same simulations, together with the analytical re-
sult 〈�W 〉 = 2αkBT/rt f . Deviations are visible for small stiffnesses,
as expected. (c) MFPT-work trade-off relation Eq. (6).

protocols can be derived, using three of the four aforemen-
tioned constraints.

First, using u(0) = 0, u(t̄ = 1) = λ f , and u̇(0) = 0, we
obtain

λ
(a)
SST,2(t̄ ) = λ f

(
t̄2 + 2

ω0t f
t̄

)
. (C3)

Second, using u(0) = 0, u(t̄ = 1) = λ f and u̇(t̄ = 1) = 0, we
obtain

λ
(b)
SST,2(t̄ ) = λ f

(
−t̄2 + 2

[
1 − 1

ω0t f

]
t̄ + 2

ω0t f

)
. (C4)

These protocols is shown together with their respective mean
position u(t ) in Figs. 8(b) and 8(c). Both second-order swift
equilibration protocols present discontinuities located at the
beginning or at the end of the protocol, a consequence of the
choice of lifted constraint.

The energetics of these two protocols are shown in
Figs. 8(e) and 8(f). For both protocols, the total integrated
work reads �W (a)

SST,2 = �W (b)
SST,2 = 4

3�WOT, larger than both
the optimal protocol and the third-order swift equilibration
protocol. Interestingly, the simplest case of first-order poly-
nomial protocol retrieves the linear optimal protocol.

Constrained unoptimized driving can be realized with var-
ious protocols beyond the polynomial forms explored here.
Namely, based on such a polynomial ansatz, the mean path
u(t ) can be multiplied by any time-dependent function starting

FIG. 10. Upper panels: For one choice of threshold ε = σeq/10,
we show three cases of response to an UOC protocol for three differ-
ent protocol duration (a) t f = 0, (b) t f = 2.6 ω−1

0 , and (c) t f = 8 ω−1
0 .

Lower panels: Time-energy trade-off for resetting as shown in the
main text. The OT protocol (red line) forms a bound for UOC pro-
tocols (blue to green thin lines) and the Step protocol (blue dashed
line). We show the result for three values of the threshold, (d) ε =
σeq/10, (e) ε = σeq/55, and (f) ε = σeq/100. It shows that, below
a reasonable value of the threshold, the result do not significantly
evolve anymore [from (b) to (c)].

in 0 and ending in λ f . This could serve as a basis of numerical
optimization using evolutionary algorithm or machine learn-
ing by adding perturbations on a swift equilibration protocols
and select cases where energetic cost is minimized [70,71].

APPENDIX D: NUMERICAL SIMULATIONS OF
STOCHASTIC RESETTING WITH OT PROTOCOL

We compare quantitatively the mean work expression
〈W rst

OT〉 = 2αkBT/rtrst and the trade-off relation Eq. (6) to
Brownian simulation with stochastic resetting at a rate r,
implementing each resetting event by an OT protocol that
connects λ f = x(t ) to λ f = 0 in a finite time t f . We expect
agreement when σ is smaller than ζ (where σ = √

kBT/κ is
the standard deviation in the potential used to apply resetting
and ζ = √

2D/r is the SR steady-state characteristic length)
but show here that reasonable agreement is obtained beyond
this regime. In Fig. 9 we show the result of numerical simu-
lations (symbols) and the analytical expressions (solid lines)
for (a) the MFPT, (b) the mean work per resetting, and (c)
the trade-off relation. As seen in Fig. 9(a), normalizing the
measured times by 〈Tinst〉 allows a perfect agreement with
theory. As seen in Figs. 9(b) and 9(c), the work and trade-off
relation is also reproduced with very good precision for κ �
25 (pN/µm) while deviations appear for smaller stiffness. It
seems noteworthy to us that the stiffness can be reduced to
rather low values, proving the experimental feasibility of this
method. Even in the case where σ ≈ ζ (blue down triangles)
deviations are only observed for slow protocols.
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Full relaxation for unconstrained dynamics

Using the unconstrained protocols, such as the UOC to im-
plement resetting demands a definition of the time needed to
achieve resetting, i.e. to bring the position back to the origin.
Since this is an exponentially relaxing process, this time is
infinite but well captured by finite characteristic times. We
show here in detail the influence of the definition of this time
on the bound proposed for resetting performances in the main
text. In Fig. 10 (upper panels), we show how the resetting
duration is defined: The time needed to bring the average posi-
tion u(t ) close to the origin up to a threshold which is defined

as a by of the equilibrium standard deviation in the resetting
potential σeq = √

kBT/κ . We display three cases of protocol
duration, for one value of the threshold ε = σeq/10, which
is, as is visible in the graph, a quite crude approximation. It
is reasonable to set threshold not larger than such example.
In Fig. 10 (lower panels), we show the resetting time-energy
bound for various values of the threshold. It shows that, even
up to large threshold Fig. 10(d), the bound holds, and the
UOC time-energy relations are larger than the OT result. This
confirms the results shown in the main text, which uses a fine
threshold ε = σeq/1000.
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