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Abstract – By lattice sum minimization, we predict the ground state of particles interacting via a
Yukawa potential which are confined in a quasi–one-dimensional cylindrical tube. As a function of
screening strength and particle density, the zero-temperature phase diagram exhibits a cascade of
stable crystals with both helical and non-helical structures. These quasi–one-dimensional crystals
can be confirmed in experiments on confined charged colloidal suspensions, trapped dusty plasmas
or ions in nanotubes.
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Understanding the origin of helical structures in nature
is of basic importance given the fact that many biomole-
cules (such as DNA [1]) and inner cell structures are heli-
cal. More specifically, if particles are confined to narrow
cylinders under high pressure they will spontaneously
assemble into helical structures [2–5]. This has been ratio-
nalized by considering a simple model of hard spheres
in cylindrical tubes where the close-packed configurations
have been analyzed and indeed show helical structures [6].
Furthermore, dipolar colloidal particles [7] and thermore-
sponsive microspheres [5] have been shown to self-organize
into chiral aggregates and C60 molecules [8–10] as well
as polymers [11–13] confined to nanotubes exhibit spiral-
like structures. Understanding the details of this pattern
formation bears a high technological potential as photonic
band gap fibers can be formed in cylindrical geome-
try [14,15] and colloidal nanowires with novel electrical
properties may be fabricated out of helical structures.
Moreover, helical colloidal clusters itself can further serve
as “super”-molecules [7] which in solution self-assemble
into fascinating novel liquid crystalline phases [16].
In this letter, we consider charged particles in hard
cylindrical confinement interacting via a Yukawa pair
potential. Thereby we generalize the hard-sphere model
studied previously in ref. [6] towards finite screening
lengths. By lattice sum minimization we obtain the ground
state (at zero temperature) and predict a cascade of differ-
ent helical and non-helical structures as a function of
screening strength and particle density. In contrast to
the hard-sphere case, some phases disappear at small

(a)E-mail: ecoguz@thphy.uni-duesseldorf.de

screening and re-entrant transitions show up. Our model
is realized for charged colloidal suspensions under cylin-
drical confinement (cf. [17–26]), for trapped dusty plas-
mas [27,28] and for charged supramolecular aggregates or
molecular ions in nanotubes [29–31]. We also remark that
microspheres explored in [5] are governed by soft interac-
tions such that our work here might be relevant for the
findings in ref. [5].
In our model, we consider point-like particles interacting

via the Yukawa pair-potential

V (r) = V0
e−κr

κr
, (1)

where r is the interparticle distance, 1/κ the screening
length, and V0 denotes an energy amplitude. N particles
are confined inside a hard cylindrical tube of radius a
and length L along the z-direction. At zero temperature,
for a given reduced line density η=Na/L, the system
will minimize its total potential energy per length L and
the resulting optimal structure will only depend on the
reduced inverse screening length λ= κa. By varying λ,
one interpolates between the unscreened Coulomb limit
(λ→ 0) and the hard-sphere limit1 (λ→∞) where the
interaction is getting discontinuous.
At zero temperature and at given density η and reduced

screening length λ, we have performed lattice sum mini-
mizations for a broad set of candidate structures including

1Note that in our model we have point-like particles. Nevertheless,
at infinite screening (λ→∞), by taking an effective hard-core
diameter corresponding to the smallest lattice constant, one expects
to recover the phase behavior of hard spheres.
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Fig. 1: (Color online) Schematic illustration of cylindrically
confined particles in side (a) and top (b) view. The cylinder
is shadowed and has a radius of 2a. A helical phase structure is
sketched. In (a) the dashed lines indicate the primitive cell of
height L0. Here, we have n= 1 such that the order parameter
b∗ equals 1. In the top view (b), the torsion angle θ1 between
two primitive cells is shown.

helical ones. A candidate possesses a unit cell contain-
ing n� 6 particles inside a cylindrical cavity which is
then periodically replicated along the z-direction by a
joint translation about L0 along the z-axis (see fig. 1(a))
and rotation about a torsion angle θ around the z-axis.
We restrict ourselves to 0� θ� π selecting one special
chirality (note that opposite chirality leads to the same
energy). Thus, a most general unit cell with n= 6 can
contain multiple primitive cells with n= 1, 2, 3, resulting
in the same phase structure. However, the correspond-
ing torsion angles might differ. To distinguish between
them we denote the n-dependence of the torsion angle
explicitly and refer them as θn in general (see fig. 1(b)).
There are two classes of structures, namely non-helical
ones which by definition are torsion-free, i.e. they can be
generated with a vanishing torsion angle θn = 0, or helical
ones which necessarily involve a non-vanishing one. Never-
theless, some special non-helical structures with θn = 0 can
also be generated with a finite torsion angle albeit with a
different n.
The minimization of the total potential energy per
particle is performed with respect to the positions of the
n particles in the unit cell and the torsion angle while
L0 = na/η is prescribed by the fixed line density η. First
we classify the resulting structures into helical and non-
helical ones. Next, in case a helical structure is degenerated
with respect to different n, we select from all the possible
structures the one with the smallest n. For the non-helical
structures, we select the structure with the smallest n as
well, which also satisfies a vanishing torsion angle. To char-
acterize the height distribution of the particles in the unit
cell, we assign, for each structure, a dimensionless order
parameter b∗ = nmini�=j{|zi− zj |/L0}, which describes

the smallest (reduced) interparticle distances among all
distinct particle pairs (i, j) along the z-direction.
We explore the stability phase diagram in the regime
λ= 0.5, . . . , 100 for 0< η� 2.2. The results are shown in
fig. 2. Three helical structures H1, H2, H3 are stable
which are labelled according to their (minimal) number
of particles per unit cell while H stands for “helical”.
Besides three stable non-helical structures N2, N4, N6 set
in. All these non-helical structures Nn (with n= 2, 4, 6)
can also be generated by a non-vanishing torsion angle θn
with smaller unit cell number n= 1, 2, 3 as compared to
that corresponding to the torsion-free generation. Details
are summarized in table 1 where also the corresponding
values of the order parameters b∗ and θ6 are given. For
instance, for the H1 structure, b∗ = 1 while for H2 and
H3, 0< b∗ < 1. The non-helical phase N2 has a zigzag
arrangement which can also be considered as a helix
with θ1 = π and b

∗ = 1. For the non-helical phase N2
(N4), each two (three) particles in the same unit cell
possess the same z-coordinate. Furthermore, the non-
helical “doublets” (“triplets”) of N4 (N6) are generated
with a torsion angle θ6 = π/2 (θ6 = 0) with b

∗ = 0. In case
of N6 θ6 can also be chosen as 2π/3, which yields the
same phase. In all phases, all particles are located on the
cylindrical surface although this was not assumed a priori.
At higher densities, this will no longer be true in general.
Let us now discuss in greater depth the ground state
phase diagram in the ηλ-plane (fig. 2). For large λ, we
recover the stability sequence put forward for hard spheres
in cylindrical confinement in ref. [6], namely

N2→H1→H2 → N4→H2→H1

→ H2→H3→N6, (2)

for increasing density η. On the other hand, the opposite
Coulomb limit λ→ 0 corresponding to unscreened ions in
a cylinder, has not been considered before. Here we find
the stability sequence

N2→H1→N4→H1→H2→N4,

i.e. the phases H3 and N6 vanish and the stability domain
of H2 shrinks to a single point at η= 1.50. This implies
that non-helical phases are preferred for the Coulomb
limit (relative to the hard-sphere case). This general
trend can be intuitively expected since the long-ranged
Coulomb potential prefers more isotropic structures than
the hard-sphere interaction which considers local packing
constraints.
Interpolating between these two extremes at finite λ,

the phase behavior is not just a simple interpolation but
exhibits interesting re-entrance effects, which are indicated
by the vertical and the horizontal arrow in fig. 2. For
increasing λ, theH2 phase is reentrant at about 1.68< η <
1.74. Another re-entrance effect occurs for the N4 phase
upon increasing η at fixed λ≈ 7. This is in line with the
general observation that confinement effects (or external
fields in general) yield re-entrance [17].
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Fig. 2: (Color online) Zero-temperature phase diagram of a Yukawa system confined to a hard cylinder. As a function of screening
strength λ and reduced density η, we obtain helical (H1, H2, H3) as well as non-helical (N2, N4, N6) phases. For λ→ 0, the
stability domain of H2 shrinks to 0, while H3 (N6) already vanishes for λ� 30 (λ� 7). The dashed (full) lines indicate a 2nd-
(1st-) order phase transition. The two arrows indicate the re-entrant transitions of H2 and N4.

Table 1: (Color online) Stable phase structures of the confined Yukawa system. The cylindrical confinement is illustrated by a
gray tube of diameter 2a. Two categories of stable phases are obtained: helical (H1, H2, H3) and non-helical (N2, N4, N6)
phases. The helical geometry of H1, H2, and H3 is indicated by the helical lines connecting periodically repeated particles of
the unit cell. Different particles of the unit cell are connected by different helices and are shown in different colors. For each
phase, we show a top (upper) and a side (lower) view. Furthermore, possible values of b∗ and θ6 for each structure are also given.
We also show the height of each primitive cell of helical phases as well as the height and the torsion angle of the torsion-free
unit cell of the non-helical ones. Additionally, we show θ3 for N6, for clarity.

N2 H1 H2 N4 H3 N6

θ6 = 0 0 < θ6 � π π/3 < θ6 < 2π/3 θ6 = π/2 π/2 < θ6 < 2π/3 θ6 = 0 (or θ6 = 2π/3)
θ2 = 0 θ4 = 0 θ3 = π/3
b∗ = 1 b∗ = 1 0 < b∗ < 1 b∗ = 0 0 < b∗ < 1/3 b∗ = 0
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Fig. 3: (Color online) The static potential energy per particle
u as a function of η for λ= 5.
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Fig. 4: (Color online) Order parameters b∗ (red line) and θ6
(blue line) for λ= 5 vs. η.

We remark that the re-entrance of solid phases resem-
bles the isostructural solid-to-solid transition which
occurs in three-dimensional square-well [32,33] and
square-shoulder [34] systems. However, in the latter case,
there is a true coexistence region between the two solids
and a critical point shows up. Both features are absent
here. Moreover, the pure Yukawa bulk system does not
exhibit any re-entrance in the density-temperature plane,
hence re-entrance is induced by confinement alone.
We finally address the order of the various solid-solid

transitions in fig. 2 which results from the behavior of
the energy per particle across the phase transition lines.
Both, first-order and second-order transitions do occur
and are indicated by solid and broken transition lines
in fig. 2. This is captured by monitoring the energy per
particle u and the order parameters b∗ and θ6 of the
stable phase. These observables are plotted in figs. 3–6
as a function of η at two different λ. The cusps where
θ6 = π in the regime of H1 in figs. 4, 6 are due to the fact
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Fig. 5: (Color online) Same as fig. 3 for λ= 80.
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Fig. 6: (Color online) Same as fig. 4 for λ= 80. For the N6
phase, θ6 is assumed to be 2π/3 here since the second order of
the H3→N6 becomes evident.

that we restrict the torsion angle to the interval [0, π].
Hence, the cusps are not indicating a phase boundary.
In fact the energy is smooth at the cusps (see figs. 3, 5).
The continuously non-differentiable points of the energy
functions will indicate the first-order transitions. These
points are revealed by the discontinuous jumps in b∗ and
θ6 as a function of η while a continuous behavior implies
a second-order transition (see figs. 4, 6).
In summary, we investigated the crystalline stability
phase diagram of the cylindrically confined Yukawa
particles at zero temperature. Our calculations yield
several stable helical (H1, H2, H3) as well as non-helical
phase structures (N2, N4, N6), where the integers denote
the particles number in the corresponding unit cell.
Within the density range considered here, we find that all
particles are located on the surface of the cylinder. In the
high screening regime, the stability cascade is given by
eq. (2). In the plasma limit, on the other hand, the phases
H3 and N6 are not stable anymore and the stability
regime of the H2 phase shrinks to zero. Furthermore,
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both first- as well as second-order phase transitions and
a rich re-entrant behavior are found.
Future work should include the consideration of higher
reduced densities. For finite screening λ> 0, this will yield
structures with particles inside the cylinder. We further
remark that for λ= 0 a homogeneously smeared opposite
charge on the cylindrical surface will result in the same
model as considered here since the inner electric field
vanishes.
Since there is no strict phase transition in one-

dimensional systems with short-ranged interactions for
T > 0 [35,36], any finite temperature will smear out the
solid-solid transitions found here leading to crossovers
rather than strict discontinuities. The crossover behavior,
however, can be very sharp in practice such that it is still
useful to discriminate between phases.
In case we considered chiral structures in the present

work, only one sign of chirality was presumed. However,
in real biological systems, arrangements (e.g. helices) of
two different signs of chirality could coincide, leading
to a crossover between the both. Hence, this first-order
transition will yield an interface region, which can be
analyzed in a future work and the interface structure can
be determined by given system parameters.
In order to study the stability of helical arrangements

and non-helical crystals in a driven suspension, one could
model a Poiseuille flow through the cylinder. The results
could be compared to confined colloidal bilayers under
shear [37]. Moreover, more complicated confining poten-
tials like a combination of a parabolic potential [38] and a
cylindrical hard void can be studied in the future.
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