J. Phys.: Condens. Matté0 (1998) L479-L485. Printed in the UK PIl: S0953-8984(98)94378-8

LETTER TO THE EDITOR

The apparent mass in sedimentation profiles of charged
suspensions

Hartmut Loweny

Institut fir Theoretische Physik II, Heinrich-Heine-UnivegsiDiisseldorf, Universitsstrale 1,
D-40225 Disseldorf, Germany

Received 18 May 1998

Abstract. Recent experiments have revealed that the exponential decay in the sedimentation
density profiles of charged colloidal suspensions is governed by an apparent mass that is smaller
than the buoyant mass. A simple analytical density functional study is presented which describes
the reduction of the apparent mass. In accordance with experiments, it is found that the mass
reduction depends on the concentration of added salt as well as on the colloidal sedimentation
height.

At the beginning of this century, Einstein [1] suggested extracting Boltzmann’s constant
kg from the low-density wing of a colloidal sedimentation profile. In fact, Boltzmann’s
statistics predicts an exponentially decaying number density profie of the colloidal
particles

p(z) o exp(—z/Ly). Q)

Herez is the height coordinate parallel to the direction of the gravitational accelergtion
and ¢, = kgT/mog is the gravitational length where, is the buoyant mass of a single
colloidal particle andT’ is temperature. Henckg is obtained by the slope of a plot of

In p(z) versusz provided all the other parameters are known. Perrin [2] actually used this
idea and determineklz. Of course, by now, all these considerations are well-established in
the present literature [3], but recently an interesting deviation from the ideal bariometric law
(1) was reported in depolarized-light scattering experiments by Petzald4]. In strongly
deionized charged colloidal suspensions they still found an exponential decay of the colloidal
density profiles, but the associated decay lengthas larger than the gravitational length
£,. This result can immediately be expressed in terms o&pparent massm, which is
smaller than the buoyant massg, i.e.m/mo = £,/ < 1.

A first obvious explanation of the unexpected mass reduction is due to the intrinsic size
and mass polydispersity of the colloidal sample. For a strongly polydisperse suspension,
it is clear that the light particles dominate the wing, resulting in an apparent mass
reduction. However, the samples used in the experiments were practically monodisperse
and furthermore the mass reduction reported in the experiments depends on the amount of
added salt. This gives a hint that the mass reduction is aglactrostaticeffect.

A full theoretical understanding of the mass reduction is still missing. However,
there have been two complementary attempts based on density functional theory [5] of
the primitive model of strongly assymetric electrolytes involving the colloidal macroions
and the microscopic counter- and coions. Firstly, Biben and Hansen [6] numerically
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solved the minimizing equations for the associated density functional in order to obtain the
sedimentation profiles in a finite container. They observed an accumulation of counterions
on the top of the container and conclude that the mass reduction could be generated by an
electric condenser compensating at least partially the gravitational acceleration [7]. In this
work, however, only one single parameter combination was examined for which no mass
reduction was found, although a significant electric field was present. Secondly, Simonin
[8] solved the same equations under the constraint of local charge neutrality which implies
a vanishing local electric field. He could reproduce a ratijong ~ 1 for a large amount

of added salt in accordance with the experiments, but failed to describe the mass reduction
for a strongly deionized system. The drawback of this work is that it excladesori a
condensor effect and hence the local charge neutrality assumption is questionable.

The aim of this letter is to present a simple analytical theory for the mass reduction
which is particularly designed for the low-density wing of the colloidal density profiles.
The theoretical starting point is the same as in [6, 8]. However, no attempt is made to
solve the minimizing equations for the density functional. Instead, the problem is viewed
as a variational calculation and a simg@asatz involving exponential trial functions for
the counterionic and macroionic densities is used. It is found that, apart from the charge
asymmetryZ and the relative amount of added salt, the mass ratio depends crucially on a
coupling parametey which describes the strength of Coulomb interaction between the ions
relative to the gravitational field. While the two previous theoretical calculations correspond
to either smally [6] or to the limity — oo [8], the present theory works over the whole
range ofy. Comparing our results to the experimental data, the dependena¢nmef on
the added salt concentratiaf}, and the sedimentation heiglt, is qualitatively confirmed.
However, the dependence énis weak and the dependence @nis strong in our theory
while these trends are opposite in the experimental data. For a strongly deionized sample it
is furthermore pointed out that/mq depends crucially on the residual salt concentration.

First, let us recall the free energy density functiorfalper unit area which has to be
minimized with respect to the macroionic number density prgfile) and with respect to
the counter- and coion density profiles(z) and p3(z) respectively [6]. Assuming that the
gravity only couples to the colloidal particles but not to the microscopic ions, it reads as
follows:

3 00
FLpa(@). 22 po0] = 3 / dz ksTp,(2)(IN(AS0,(2)) — D)
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Here, A, are the (irrelevant) thermal de Broglie wavelengths of the iens,the dielectric
constant of the solvent and (z) = Zqp1(z) — qp2(z) + qp3(z) is the total charge density

of the system. HereZ > 0 is the polyvalency of the macroions in units of the counterion
chargeg > 0. For simplicity we assume that the counterions stemming from the macroions
and the salt ions have the same valency. The functidhhbs to be minimized under the
constraint of fixed concentratiary of added salt and of fixed overall colloidal density per
unit area, i.efoOO dz p1(z) = o. Here the bottom of the cell is at= 0. The latter parameter,

o, is proportional toh®y wheren is the cell height andbg the averaged colloidal volume
fraction. This quantity can be controlled in the experiments. The basic asssumption for (2)
is that the Coulomb interaction between the macroions and microscopic ions is dominant.
For moderate colloidal volume fraction® (< 0.3), excluded volume interactions between
the macroions are irrelevant since they are completely masked by the Coulomb forces. The
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excluded volume forces become relevant, however, for ldrdé > 0.3) but are certainly
unimportant in the low-density wing of the macroions which is of interest here. Furthermore
any macroionic correlations beyond the mean-field level of description are ignored.

In the following we adopt a simple variationalnsatz for the three density fields
{p1(2), p2(2), p3(z)} with two scalar variational parameters. Motivated by the experimental
data [4] where the macroionic density follows an exponential decay, we parameitfize
as

pi(a) = = exp—az/t,) ©)
8
a being a variational parameter. As an advantage, this provides a direct access to the mass
ratio since the minimal value af is identical tom/mo. For the counterionic density, we
again use an exponentiahsatzwith a single variational parametgr

Zop

Zg

while the coionic density is assumed to be constant along the samjle: = ¢,. While
we have always guarantegtbbal charge neutrality, we have abandoned lib@al charge
neutrality condition. It is only for the special caae= g, that p,(z) vanishes. Inserting
the density fields into the functiond|p1(z), p2(2), p3(z)] and minimizing with respect to

o and g, the mass ratiaz/mg is given as the root of the following implicit equation én

ZB(@) 4@
P )_ MR T iy ®)

HereI(x) = fox dy(In(1 + y))/y and the decay parametgrfor the counterionic density
profiles is related tax via (o) = a(2//I+ (1 —a)/y — 1). Obviously, m/mqo only
depends orthree dimensionless parameters, namely the charge asymifietitye coupling
parametery = 4nZ%0Apt,, and the relative amount of added salt= c,¢,/o. Here,
Ap = q?/ekpT is the Bjerrum length of the counterions.

For some limiting cases explicit expressions #ofmg are available.

p2(2) = ¢ + exp(—pBz/ty) 4)

ZB(a) —KI(

(i) Strong Coulomb couplingy >> 1. In this case,0 = m/mg = B[l + ((1 —
B)/y) + 0(1/y?] where the decay constart for the counterions is the root of
(Z+ 1B —1—«I(ZB/xk) = 0. For small concentrations of added salt £< 1),
this yieldsm/mo = [(1+ 5In*(c(1+ £))) /(Z + 1] + O(1/y) which again in the
academic case of a completely deionized systers Q) reduces tan/mo = 1/(Z +1).

The striking fact is that the correction to this limiting value is significant even for small
k. Hence any small residual salt concentration will shiftm, to values which are
much larger than AZ + 1). On the other hand, for a large amount of added salt,
k >> 1, we obtainm/mg = 1 — (Z?/4«) + [((Z3/9) + (Z*/8))/k?] + O(k 2, y 7).
Hence there is no mass reduction in the limit of high salt concentré&ion> 1).

(ii) Strong gravitational couplingy << 1. In this case, the macroions and counterions
decouple and one gets/mg = 1 — 3y andpg — O for arbitraryx. Hence, as expected,
no mass reduction is obtained for strong gravity=£ 0).

Summarizing, a mass reduction is only possible if there is a sufficiently high Coulomb
couplingand a small relative amount of added salt.

In general, the counterions are more delocalized than the macroions which gives
rise to alocal electric field E(z), along thez-axis which can be expressed &%z7) =
Eo(exp(—Bz/L,) —exp(—az/L,)), where the amplitud€y = 87 Zgo /¢ is the electric field
of a condensor with completely separated macroion and counterion charges. Obviously,



L482 Letter to the Editor

due to global charge neutrality;(0) = E(z — oo) = 0. The local electric field exhibits a
maximume,,/Eq = (1— (a/B))(a/B) Y4 atz/t, = In(a/B)/ (e — B) Whered = 1— B/a.

Fory — oo, « — B, and henceE,,/Ey vanishes. This is shown in figure 1 where we
have plottedmn/mq and E,,/Eq over several decades ¢f. Here we have varied, and

¢, such thatc remains fixed. Hencdy is independent o in this case. It can be seen
that the mass reduction is accompagnied bydaareaseof E,,. This underlines the fact

that the mass reduction is not induced by an electric field. On the contrary, for large
couplingsy, the build-up of an internal electric field is energetically too costly, and the
local-charge-neutrality condition is almost perfectly fulfiled. The physical reason of the
mass reduction lies in the fact that the counterions gain entropy in being more delocalized
and the macroions are ‘slaved’ to the counterions due to the strong Coulomb coupling. For
small y, on the other hand, an electric field is present, but there is no mass reduction in
accordance with the findings of [6].
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Figure 1. Plot of the mass ratian/mg (solid line) and the reduced maximal electric field
strengthE,, / Eo (dotted line) over several decades of the Coulomb coupling congtahtote
the logarithmic scale iny. Fixed parameters arg = ¢, Z = 100, 15 = 7.2 A, o and

x = 6 x 10%, such that the/-dependence corresponds to a changg,iandc;.

We now relate our results to the experimental data. Working out the effective parameters,
one can expresg as ¥*15(29(0)/R%« where ®(0) is the colloidal volume fraction at
which the density fields starts to exhibit the exponential decay fansl the radius of the
colloidal particles. In the experimentsz = 7.2 A, £, = 0.0235 cm,R = 73 nm,q = e.
However, ®(0) and @ are not knowna priori and also the effective macroion charge
is not known exactly, but is of the order of a few hundreds. Let us first estimate the
physically relevant range of for the experiments. Assuming ~ 1, 100< Z < 1000,
and Q02 < ®(0) < 0.1 in accordance with the measurements, the possible range of
is 6x 10’ < y < 3x 10'% In any casey >> 1, such that the local charge neutrality
condition is practically fulfilled. This in turn implies that the behaviour in the wings is
completely decoupled from the other part of the sediment. This first of all shows that our
analysis of the wings should apply. Secondly, the mass reduction in the wings should be
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quite insensitive to the (large) sedimentation height

In figure 2, the physical domain for the mass ratigmgo is shown as a hatched
area versus concentration of added salt. The borderlines are obtain@d=$0400 and
y = 6 x 10’ (solid line) and forZ = 1000 andy = 3 x 10% (dashed line). Seven
experimental data [4] are also shown as triangles. Care has to be taken for the so-called
salt-free measurements. There is always a residual salt contribution which can be estimated
to be of the order of @ mMol I~ [9]. The important conclusion is that all the experimental
data fall reasonably well into the physical domain. However, for a quantitative comparison,
one has to assume an strong dependence of the effective chame,.

L \%\/\ T
0.8 — 7 A ]
L A ]
o 0.6 -
E L 4
L L i
g L i
04 — —
F — 7Z=100 -
0.2 — ----72=1000 —
n s exp. data B

O = | l | l | l |
-4 -2 0 2 4 6

log,, (C,) [mMol/1]

Figure 2. Mass ratiom/mg versus concentratiosy of added salt. The unit of the monovalent

salt concentration is 1 mMolf. Note the logarithmic scale far;. The solid curve is for

Z =100 andy = 6 x 10/, the dashed curve faZ = 1000 andy = 3 x 10'°. The remaining
parameters are from the experimept= e, £, = 0.0235%m, Ap = 7.2 A. The physical region

is indicated by the hatched area. The experimental data are shown by triangles. The residual
salt concentration in the experiments was estimated to.benMol 1-1.

Moreover, the experimental data far/my depend strongly on the sedimentation height
h: an almost linear dependence betweenny andh was reported [4], which was nearly
independent of the salt concentration. In figure 3 we have ploitga, versush (or
equivalently versus or y) for the experimental parameters andamstantmacroion charge
of Z = 300. In fact,;m/mq decreases witth and there is an almost linear dependence but
the slope depends strongly on the salt concentration. Providésl independent ot;,
the strongh-dependence together with the weakdependence of the experimental data
cannot be explained by our theory which yields quite the opposite behaviour, namely a
strongc,-dependence and a weakdependence. Apparently, the only escape to reconcile
both results is to assume-dependent effective chargé as usually done in nonlinear
screening theories [10].

In conclusion we have presented a simple analytical approach describing the mass
reduction in sedimentation density profiles of charged suspensions which explains semi-
guantitatively the experimental data provided a reasonable effective macroion charge is
assumed. In more detail, however, the strong dependence of the mass reduction on the
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Figure 3. Plot of the mass ration/mq versus Coulomb coupling constapt for different
salt concentration: ¢, = 1 mMol I=1 (solid line), ¢, = 0.1 mMol I-1 (dotted line),
¢; = 0.05 mMol I-1 (dashed line). Fixed parameters are= ¢, Z = 100, £, = 0.0235 cm,
such that the/-dependence corresponds to a change in the sedimentation heigbt

sedimentation height and the weak dependence on the salt concentration could only be
explained with an effective charge that depends strongly on the added salt concentration.

We remark that the present approach can be extended to include more variational
parameters for all density fields. It is particularly important to check the assumption of a
constant coion profile throughout the suspension by usidgpendentinsatzfor the coion
profile. In this context it is worth mentioning that the coion profile calculated in [6] only
exhibits a weak:-dependence. At the same time one can take into account the excluded-
volume macroion—macroion interaction by assuming local excess-free-energy terms for hard
spheres in the free energy density functional [6]. This, together with a more flexible density
parametrization, should allow for a more detailed study of the whole colloidal density profile
and may help to better explain the strong dependenee/ofy on the sedimentation height.

Finally we remark that for one-component-macroion model the density profile is given
by the inverted equation of state [5]. Hence any interaction in such a model will certainly
alter the exponential decay of the density profile to another functional form and therefore
fails to extract the apparent mass.

| am grateful to T Biben, R Piazza and V Degiorgio for helpful discussions.
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