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L DISPERSIONS

Unusual phase behaviour
from peculiar pair potentials:
A density-functional-perturbation study

Abstract Applying a density-
functional-based perturbation theory,
we cxamine the phase behaviour of
model colloidal systems characterized
by hard core and additional piecewise-
constant repulsive or attractive
interactions. For sufficiently narrow
square-shoulder repulsions, the
theory predicts coexistence between
expanded and condensed isostruc
tural (f.c.e)) crystals, in guantitative
agreement with available simulation
data. A square-well atfraction of

equal width results in a solid-solid
critical point at lower density and
higher temperature and a significantly
wider coexistence region. Adding

a constant long-ranged attraction
leads to a novel phase diagram
exhibiting a guadruple point, where
two fluid phases and two solid phases
coexist simultaneously.
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Recent computer simulations [ 1, 2] and theoretical studies
[3-8] of systems interacting via extremely short-range
pair potentials have produced convincing evidence for
a first-order isostructural phase transition between ex-
panded and condensed solids, the corresponding phase
diagram exhibiting three-phase coexistence between a
single fluid phase and the two seclids. Possible physical
manilesiations of such systems are uncharged colloidal
particles mixed with non-adsorbing polymer, or charge-
stabilized colloidal suspensions, whose macroions interact
via electrostatic and van der Waals forces [9].

Here we employ a combination of density-functional
{DF) theory and thermodynamic perturbation theory to
study the phase behaviour of model systems characterized
by short- and long-range piecewise-constant inleractions.
QOur goal 1s to isolate the iafluence of specific features of
the pair potential on the stability of solid—solid transitions
and to explore the intriguing possibility of four-phase
{vapour-liquid—solid-solid) coexistence. We focus in par-
ticular on pair potentials composed of a hard core of

diameter ¢ plus a repuisive square-shoulder or attractive
square-well of width § and magnitude ¢, Since ¢ scales with
temperature, these systems are completely characterized
by the parameter é/g. We further consider the influence of
long-range attraction, in the simplest conceivable way, by
adding to the square-well a “van der Waals” tail, ie.
a constant attraction of infinite range, but infinitesimal
strength — gee?/V, where V is the volume, This introduces
an additional dimensionless parameter a, which gauges the
strength of the attraction.

The relevant theoretical quantity 1s the Helmholtz [ree
energy functional F[p], a functional of the spatially vary-
ing one-particle densily p(r). For pair potentials with a
steeply repulsive short-range interaction, thermodynamic
perturbation theory [10,11] accurately approximates
F[p] by decomposing the full pair potential ¢(r) nto
a repulsive short-range reference potential ¢,(r) and rela-
tively weak long-range perturbation ¢,{r). In our case,
¢o{¥) is the hard-sphere (HS) pair poteniial and ¢,(r} is
a step function of amplitude ¢ and range ¢ + 4.
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To first erder in the perturbation,

Flp] ~ Fus[p} +
1. . .
SIGEE p0p X1 6, 0= 7). (D

where gus(r,1') Is the pair distribution function of the HS
solid. The HS solid free energy Fus[ p] separates naturally
into an {exactly known) ideal-gas term and an excess term
F.lp]. For the latter, we use the modified weighted-
density approximation (MWDA}) [12]:

FVPAPIIN = fus(p) (2)

where fi;5(7) is the excess [ree energy per particle of the
uniform HS fluid evaluated at a weighted density
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defined as a weighted average of the physical density with
respect to a weight function w(r), which in turn is specified
by the requirement

(52 XM el
dp(r)dp(r)

¢ 2 (|r — 1'[; p) being the two-particle Ornstein-Zernike di-
rect correlation function. The fluid-state input functions
fus and ¢} we take from the analytic solution of the
Percus—Yevick equation for hard spheres [10].

Following Likos et al. [4], we approximate gys(r, 1) by
a unit step function, thus properly excluding self-correla-
tion but otherwise neglecting pair correlations. This mean-
field approximation is expected to be quite reasonable in
the high density solid, where two-particle correlations are
determined largely by the highly non-uniform one-particle
density. It is also supported by Monte Carlo simulations of
the HS crystal [13] and by DF theory calcutations for the
Lennard-Jones system [ 14]. At the solid densities of inter-
est here, the density distribution is parametrized to reason-
able accuracy by the isotropic Gaussian ansatz,

pir) = @Zc - @

R

) = — kg TG ([r — ¥'f; 0}, {3)
pir = p

the sum running over lattice sites R of an fc.c. crystal
Minimization of the functional F[p] with respect to the
single variational parameter « determines the [ree energy
of the solid.
For the fluid phase, we use the uniform (constant p)
Nimit of Eq. (1) [11]:

{0) =~ fiss(p) + 2mp J drr? gus(F)ep(r) (5)
o

taking for the HS fluid functions fiys and gy(r) the essen-
tially exact Carnahan-Starling and Verlet-Weis expres-
sions [107], respectively. The sole effect of the van der
Waals tail is to add a structure-independent term propor-
tional to (— ap?/2) to the free energy per volume of both
the fluid and the solid phases.

For a given pair potential, the fluid and solid free
energies per volume are computed as a function of average
reduced density po* at fixed reduced temperature kg T/
Sufficiently short-range interactions (3 <«a) induce inflec-
tion in the curve of F/V vs. p that can result in solid—solid
phase coexistence. The densities of coexisting phases are
established by means of a Maxwell common tangent (or
equal area) construction, ensuring equality of the chemical
potentials and pressures. Repetition of the procedure for
a series of temperatures systematically maps out the phase
diagram in the T — p plane.

Predictions of the theory lor isostructural solid-solid
coexistence in the square-shoulder system are presented in
Fig. 1, together with recently available Monte Carle simu-
lation data [2]. With increasing shoulder width, the
sohid—solid critical point shifts to lower densities and the
coexistence region widens, while the critical temperature
remains refatively constant. Evidently, the theory slightly
overestimates the coexistence densities, but otherwise 1 in
excellent agreement with simulation.

Figure 2 displays our results for the full phase diagram
of the square-well system with van der Waals tail. The
long-range attraction proves to have enly a minor effect

Fig. 1 Phase diagram of temperature vs. density (reduced units) [or
the square-shoulder system, exhibiting coexistence belween two iso-
structural (fec) solids. Solid curves are theoretical predictions,
dashed curves the corresponding simulation data [2] for shoulder
widths §/6 = 0.03 (right-most curves) and d/r = 0.08 (lefe-most
curves)
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Fig. 2 Phase diagram for the squarc-well system with constant long-
range attractive tail, exhibiting a quadruple point. From left to right,
curves represent vapour—liquid, liquid-solid, and solid—solid phase
coexistence for the case of well width §/6 = 0.03 and van der Waals
parameter a = 40

on solid—solid coexistence, which is seen to differ consider-
ably from the square-shoulder case, For the same step
width, d/c = 0.03, the square-well critical point occurs at
lower density and higher temperature and the coexistence
region is significantly wider. Furthermore, the fransition
remains slable over a narrower range ol o than for the
square-shoulder system [2]. In the absence of long-range
attraction, the theory predicts preemption by the liquid—
solid transition for d/¢ as small as 0.05-0.06. For such

shorl-range potentials, the vapout--liquid critical temper-
ature falls well below the liquid-solid-solid triple point
temperature, in which case only the liquid can coexist with
the two isostructural solids. Inclusion of the van der Waals
tail, however, raises the vapour-liquid critical point and
the vapour—liquid-soiid triple point. For a sufficiently
strong attraction, as illustrated in Fig. 2, the two triple
peints can coincide, resulting in a quadruple point at which
the two fiuid phases coexist with the two solid phases.

Summarizing, using a relatively simple density-func-
tional-perturbation theory, we have demonstrated that
sufficiently short-range piecewise-constant interactions-
whether attractive or repulsive—can result in unusual phase
behaviour distinguished (at sufficiently low temperature)
by a first-order isostructural solid-solid transition. Adding
a weak constant long-range attraction to a square-well
pair potential has little effect on the solid-solid transition,
but strongly enhances the vapour-liquid transition. The
resulting phase diagram exhibits four phases (vapour,
liquid, expanded- and condensed-solids), which in this
model can simultaneously coexist at a guadruple point,
Whether or not the remarkable phase behaviour predicted
for these model systems can be observed experimentally is
not yet clear. The present study, however, may help to
resolve the issue by guiding the parametrization of more
realistic pair potentials (e.g., DLVQ) that better model the
interactions in real colloidal systems. Work along these
lines is in progress.
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