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Attraction between likely charged
colioidal macroions?

Abstract The distance-resolved
effective force between two spherical
highly charged colloidal macroions is
calculated within the primitive model
of strongly asymmetric electrolytes
using computer simulations. For
parameters corresponding to typical
experimental samples, a repulsive
force is obtained. Possibilities for an
effective attraction induced by very

strong coupling between the macro-
ions or by a geometric confinement
of the macroions between glass
plates are briefly discussed.
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introduction

The total effective force between two highly charged col-
toidal particles {(“macroions™) in solution with their micro-
scopic counterions is expected intuitively to be repulsive
since the screening by the thermal counterions is imperfect,
in general. Nevertheless, there is a long debate in the
literature about a possible attraction between macroions
(or — equivalently — an “overscreening” by the counter-
ions), for recent references and reviews see e.g. [1-3].
Recent measurements [4-7] reveal that the presence of
a charged planar glass plate may influence the nature of
the effective interactions between macroions drastically:
Apparently it is repulsive in the bulk and gets attractive
near the glass plates.

The aim of the present paper is to understand and to
calculate within a simple microscopic model (the so-called
primitive model of strongly asymmetric electrolytes) the
nature of these forces theoretically. Using extensive
Monte-Carto simulations, we obtain the distance-resolved
forces between the macroions. For parameters typically
encountered in experiments, there is no indication for an
attractive force. This may change, however, for extremely

high coupling and small distances between the macroionic
surfaces. We also discuss briefly the influence of glass
plates on the effective interaction.

Theory of the effective force

We consider N,, macroions with bare charge Ze and
diameter ¢ confined in a volume ¥ corresponding to
a finite number density p, = N /V at a temperature T.
The macroion density can conveniently be expressed in
terms of their volume fraction ¢ = np,e°/6. The counter-
ions carry an opposite charge — ge and possess a number
density p. + N./V which is determined by global charge
neufrality to be

Pe = Zpmld - (0

Since the system is invariant with respect to charge iaver-
sion Z— — Z and g — —gq, it is sufficient to consider
positive Z and ¢. Within the “primitive model” one as-
sumes the following pair interaction potentials V().
VinelF), Vo) between macroions and counterions, r denot-
ing the corresponding interparticle distance and & the
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dielectric constant of the solvent:

Vo) = o forr<o, @
) = Z¢ forr>a, )
_ oz for r=<o/2,
Vinelr) = {%‘*— for r > a/2, ©)
2,2
Vel) = L5 )

EF

The effective macroion forces contain two parts, one
stemming from the direct Coulomb repulsion between the
macroions (2) and the other from the macroion— counter-
ion interaction (3). This implies that the force F; acting on
the ith macroion located at R; can be written as

Fi— F{™ 4 F, 5)

where the direct macroionic part FI™) is pairwise

’
N

Fi= — Ve Y Viel(R —Ry). (6)
=14t
{R; j=1,...,Ny} being the given macroion positions.

The second contribution to the total effective force, ¥, is
the canonically counterion-averaged force from the mac-
roion—counterion-interaction {3}

N,

F?:} = < z VR;VmcGRi - rj|)> . (7]
j=1 ¢

Here, {r;j=1, ...,N.} are the counterion positions and

the canonical average {--->. over an {r;}-dependent

quantity =7 is defined via the classical trace

1 1 1
(o ({r})e = A AWEL £d3r1 1'[ der‘
V
x .o ({re})exp [— kaJ , (8)

where kg 18 the Boltzmann constant, A the de Broglie
thermal wavelength of the counterions and

N., N, 1 N
Vc = Z Z Vmc(tRn - er + 5 z Vcc(lri - er (9)
n=1j=1 Limli#]

is the total counterionic part of the potential energy. Fur-
thermore, the classical partition function

o1 \ V.
Z—"NjAaNcé; d ?"l-..Ij; d rNﬂexp|:kB :| (10)
guarantees the correct normalization {1, = 1.

At this stage let us emphasize a couple of points.

(i} Since the counterions are averaged out, the effective
forces acting on the macroions do not depend on the
counterion positions {r;}. They do, however, depend

parametrically on the positions of the macroions {R;}.
While the repulsive Fi™ is explicitly given and clearly
a pairwise interaction, the nontrivial part F® contains
in general many-body forces of arbitary order (triplet,
quadruplet, etc.) due to nonlinear counterion screening
[8]. It is only in linearized theories (like Debye—Hiickel
approaches) that these forces are pairwise, too.

(i) As it can be checked immediately, the effective force
F; can be derived as a gradient of an effective porential
energy, ie. F; = — Vg Viir ({R;}) with

N,
Verr ({Rj}) = 2 Vo (R — Rj) —kgT Z . (11)
[ ]
This guantity clearly differs from the counterion-aver-
aged total potential energy
K,
UER D= 3 V(R =Ry + (Vo) (12)
iLji<

(i) An alternafive expression for the counterion-induced
forces F{” can be obtained by using the in-
homogeneous equilibrium counterion density profile
in the field of fixed macroions which is defined via

N.
§O (R} = < S e - r,,)> | (13)

n=1
Then F® can be rewritten as

FEOURD = — | d*p@(r; {R}) Ve Vie(Ir — R} .

(14)

(iv) The definition of the effective forces differs from those
derived from the potential of mean force. While the
effective force represent the full bare interaction, the
latter incorporates also correlations between the mac-
roions, see e.g. [9].

Equations (5)-{6) are the exact expressions for the
effective forces in the framework of classical statistical
mechanics. The counterion average, however, can in gen-
eral not performed analytically. In principle, there are two
different routes to follow: First, one can use (approxi-
mative} density functional theory to obtain p™(r; {R;})
and then use (14) to get F{®({R;}). This strategy was
employed in Ref. [8]. However, since the exact free energy
functional is only known approximatively, one gets an
uncontroiled error at least if the counterion density profile
is strongly inhomogeneous near the macroionic surfaces.

The second route which we shall follow in this paper is
to calculate the counterion average (6) by “exact” com-
puter simulation. The drawback here is that — due to the
enormous number of counterions — one can only treat
relatively small system sizes. In the following we consider
only two macroions (N, = 2). The two macroions are
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placed symmetrically along the room diagonal of a cubic
box such that the centre of the cube coincides with the
center-of-mass of the two particles. The box length L is
determined by the macroion density L = (N/pn)*/®. The
center-of-mass distance between the two macroionic
spheres is denoted by r = |R; — R,|. Periodic boundary
conditions resulting in periodically repeated image charges
were taken. Hence our macroion configuration corres-
ponds to a body-centered cubic {BCC) crystal distorted in
(111) direction. Due to symmetry, ¥, = —F, and the
total effective force depends only on the macroion distance
r. From symmetry consideration, the direction of F, is
along the room diagonal, i.e. parallel io Ry —R,. We
therefore consider only the magnitude of the force projec-
ting it onto the room diagonal

F(ry =F(r)-(R; — Ry)/r (15)

which is the key quantity of the paper. If F{r} is positive,
then the effective force is repulsive for the given separation
r while it is attractive if F(r) becomes negative.

Results from computer simulation

Let us now summarize and discuss computer simulation
results, some of them are published in Refs. [10-12].

(i) Monte Carlo rtesuits for F(r) are shown in Fig. 1.The
parameters are typical for experimental samples and
chosen as in Ref [8]: g=1, T=300K, ¢=7§
g = 106 nm. As is clear from Fig. 1, the forces are
always repulsive (i.ce. F{r} > 0) over the broad range of
distances explored. Of course, in an undistorted config-
uration the forces are exactly zero due to symmetry of
the macroionic configuration.

(i) For extremely high couplings, the computer simula-
tion data exhibit large fluctuations in the force and the
corresponding statistical error is huge [13]. Neverthe-
less, the force becomes much less repulsive if the dis-
tance between the macroions is of the order of few
Bierrum lengths. It is still unclear whether the net force
gets attractive but in principle large fluctuations in the
counterionic Stern-layer around the macroionic surfa-
ces can give rise to an attraction [147]. At this stage let
us discuss and compare the effective forces in a differ-
ent geometric set-up, namely that between rigid rod-
like polyelectrolytes and that between charged planar
plates. In the first case, a counterionic attraction was
found recently {15, 16} if the rod-radius is microscopic.
Although this is realistic for DNA-strands, it does not
seem to be important for charged macroionic spheres
since their radius is much larger. In the second case
(charged plates), an effective attraction was found for
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Fig. 1 Effective macroion force Fir) in units of kyT/ 2y versus reduced
distance r/R. iy = e*/ekgT is the Bjerrum length and R = a/2 is the
macroion zadius. The statistical error of the Mente-Carlo data is
smaller than the size of the symbols. The parameters are as follows:
{a) crosses: Z = 200, ¢ = 0.1. (b) open triangles: Z = 100, ¢ =03,
{c) full squares: Z = 300, ¢ = 0.08

large couplings [17-19]. One may argue that the case
of spheres and planes is simply related performing
a Derjaguin-like approximation for nearly touching
spheres. This is not that simple, however, since the
interaction is still long-ranged and the topology of two
spheres s different from that of two planes.

(i) For suspensions with added salt and asymmetric mac-
roions (i.c. macroions of different radii and different
charges) there is again repulsion for moderate coup-
lings [12]. However, in the presence of a small neutral
cage, the interaction between a particle and a neutral
plane can become attractive. This is expected due to
counterion exclusion by the neutral cage [12].

Experiments and discussion

As regards recent experiments discussed already in the
Introduction, one carefully has to distiguish whether the
experimental samples considered were in the bulk or con-
fined between plates. It now seems to be established that
there is no direct hint towards a macroionic attraction in
bulk systems which is in agreement with our theoretical
findings. In a confined system, however, Kepler and
Fraden [4] observed a peak in the pair correlation func-
tion for high dilution revealing an attraction. Grier
and coworkers [5-7,20] systematically investigated the
effect of confinement on the interaction. While the inter-
action appears to be repulsive in a multilayer system
far away from the plates, it becomes attractive for two
macroions close to the plates. This becomes apparent by
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the observation of metastable crystallites near the charged
surfaces but also from dynamical measurements of the
diffusion of two nearby particles pinned by tweezers.
Theoretically, it is still unclear whether there is any
mechanism leading to attraction near the plates, A pos-

sible explanation is the presence of additional counterions
stemming {rom the highly charged plates which give rise to
strong fluctuations and correlations absent in the bulk
system. More theoretical work is needed to explore this
interesting question further.
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